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NONCOMMUTATIVE FINITE-DIMENSIONAL MANIFOLDS 
I. SPHERICAL MANIFOLDS AND RELATED EXAMPLES 

Alain CONNESQ and Michel DUBOIS- VIOLETTE | 

Abstract 



o. 

CO , We exhibit large classes of examples of noncommutative finite-dimen- 
sional manifolds which are (non-formal) deformations of classical mani- 

^^ ^ folds. The main result of this paper is a complete description of non- 

^1^ ■ commutative three-dimensional spherical manifolds, a noncommutative 

\^ ' version of the sphere S^ defined by basic K-theoretic equations. We find 

■s 



a 3-parameter family of deformations S^ of the standard 3-sphere S^ and 
a corresponding 3-parameter deformation of the 4-dimensionaI Euclidean 
space R*. For generic values of the deformation parameters we show that 
the obtained algebras of polynomials on the deformed R^ only depend on 
two parameters and are isomorphic to the algebras introduced by Sklyanin 
in connection with the Yang-Baxter equation. It follows that different S^ 
can span the same R^. This equivalence generates a foliation of the pa- 
>i«. ' rameter space E. This foliation admits singular leaves reduced to a point. 

1^^. I These critical points are either isolated or fall in two 1-parameter families 

f^ ■ C± C E. Up to the simple operation of taking the fixed algebra by an 

[~^ ' involution, these two families are identical and we concentrate here on C+ . 

(^ , For u £ C+ the above isomorphism with the Sklyanin algebra breaks down 

and the corresponding algebras are special cases of ^-deformations, a no- 
^^ ' tion which we generalize in any dimension and various contexts, and study 

fH , in some details. Here, and this point is crucial, the dimension is not an 

artifact, i.e. the dimension of the classical model, but is the Hochschild 

a dimension of the corresponding algebra which remains constant during 

the deformation. Besides the standard noncommutative tori, examples 
of S-deformations include the recently defined noncommutative 4-sphere 
Sg as well as in-dimensional generalizations, noncommutative versions of 
ji^ ■ spaces R"* and quantum groups which are deformations of various classi- 

^ ' cal groups. We develop general tools such as the twisting of the Cliff'ord 

algebras in order to exhibit the spherical property of the hermitian pro- 
jections corresponding to the noncommutative 2n-dimensional spherical 
manifolds Sg". A key result is the differential self-duality properties of 
these projections which generalize the self-duality of the round instanton. 

1 Introduction 

Our aim in this paper is to describe large classes of tractable concrete exam- 
ples of noncommutative manifolds. Our original motivation is the problem of 
classification of spherical noncommutative manifolds which arose from the basic 
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discussion of Poincare duality in ii'- homology jlfl] , ||lq| . 

The algebra A of functions on a spherical noncommutative manifold S of di- 
mension n is generated by the matrix components of a cycle x of the K theory 
of A, whose dimension is the same as n = dim (S). 

More specifically, for n even, n — 2m, the algebra A is generated by the matrix 
elements e^- of a self-adjoint idempotent 

e:^[e]]eMg{A), e = e^ = e*, (1.1) 

and one assumes that all the components ch^ (e) of the Chern character of e in 
cyclic homology satisfy, 

chfc(e) = Vfc = 0,l,...,m-1 (1.2) 

while chm(e) defines a non zero Hochschild cycle playing the role of the volume 
form of S. 

For n odd the algebra A is similarly generated by the matrix components [/* of 
a unitary 

U = [W] e Mg{A), UU* = U*U = 1 (1.3) 



and, with n — 2m + 1, the vanishing condition (1.2) becomes 



chfc+i([/) =0 Vfc = 0,l,...,m-1. (1.4) 

The components ch^ of the Chern character in cyclic homology are the following 
explicit elements of the tensor product 

A(E){A)®^'' (1.5) 

where A is the quotient of A by the subspace CI, 



chfc(e) = ( e:° - -S^ ) <E> el <E> el <»■■■(» e^- (1.6) 



and 

ch,+.([/) = c/-®[/«^®f/-®...®c/;;;-+^-c/-°®...®c/^'=+^ (1.7) 

up to an irrelevant normalization constant. 

It was shown in nm that the Bott generator on the classical spheres S*" give 



solutions to the above equations (1.2), (1.4) and in [|18| that non trivial non- 



commutative solutions exist for n = 3, q = 2 and n — 4, q = 4. 

In fact, as will be explained in our next paper (Part II), consistency with the 
suspension functor requires a coupling between the dimension n of S and q. 
Namely q must be the same for n = 2m and n = 2m + 1 whereas it must 



be doubled when going from n ~ 2m — 1 to ri = 2m. This imphes that for 
dimensions n = 2m and n = 2m + 1, one has q = 2"^qQ for some go G N. Fur- 
thermore the normalization go = 1 is induced by the identification of 5*^ with 
one-dimensional projective space Pi(C) (which means g = 2 for n = 2). We 
shall take this convention (i.e. q = 2™ for n = 2m and n = 2m + 1) in the 
following. 

The main result of the present paper is the complete description of the non- 
commutative solutions for n ~ 3 {q = 2). We find a three-parameter family of 
deformations of the standard three-sphere S^ and a corresponding 3-parameter 
deformation of the 4-dimensional Euclidean space R*. For generic values of the 
deformation parameters we show that the obtained algebras of polynomials on 
the deformed R„ only depend on two parameters and are isomorphic to the 
algebras introduced by Sklyanin in connection with the Yang-Baxter equation. 
It follows that different S^ can span the same M^. This equivalence relation 
generates a foliation of the parameter space E. This foliation admits singular 
leaves reduced to a point. These critical points are either isolated or fall in two 
1-parameter families C± C S. Up to the simple operation of taking the fixed al- 
gebra by an involution, these two families are identical and we concentrate here 
on C+. For u € C_|_ the above isomorphism with the Sklyanin algebra breaks 
down and the corresponding algebras are special cases of ^-deformations. It 
gives rise to a one-parameter deformation Cg of C^ (identified with R^) which 
is well suited for simple higher dimensional generalizations (i.e. C^ replaced by 
C" ~ M^"). We shall describe and analyse them in details to understand this 
particular critical case, while the general case (of generic values of the parame- 
ters) will be treated in Part II. 

First we shall show that, unlike most deformations used to produce noncom- 
mutative spaces from classical ones, the above deformations do not alter the 
Hochschild dimension. The latter is the natural generalization of the notion 
of dimension to the noncommutative case and is the smallest integer m such 
that the Hochschild homology of A with values in a bimodule A4 vanishes for 
k > m {H''{A,A4) — 0\/k > m). Second we shall describe the natural notion 
of differential forms on the above noncommutative spaces and obtain the nat- 
ural quantum groups of symmetries as "0-deformations" of the classical groups 
GL(to,K), 5i(m,IR) and GL(n,C). 

The algebraic versions of differential forms on the above quantum groups turn 
out to be graded involutive differential Hopf algebras, which implies that the 
corresponding differential calculi are bicovariant in the sense of p^ . It is worth 
noticing here that conversely as shown in H , a bicovariant differential calculus 
on a quantum group always comes from a graded differential Hopf algebra as 
above. 

Finally we shall come back to the metric aspect of the construction which was 
the original motivation for the definition of spherical manifolds from the poly- 



nomial operator equation fulfilled by the Dirac operator. 

We shall check in detail that 0-deforniations of Rieniannian spin geometries ful- 
fill all axioms of noncommutative geometry, thus completing the path, in the 
special case of ^-deformations, from the crudest level of the algebra Caig(S') of 
polynomial functions on S to the full-fledged structure of noncommutative ge- 
ometry [ p5[ . 

In the course of the paper it will be shown that the self-duality property of the 
round instanton on 5*^ extends directly to the self-adjoint idempotent identify- 
ing Sg as a noncommutative 4-dimensional spherical manifold and that, more 
generally, the self-adjoint idempotents corresponding to the noncommutative 
2n-dimensional spherical manifolds 6*3" defined below satisfy a differential self- 
duality property which is a direct extension of the one satisfied by their classical 
counterparts as explained in p^ . 

In conclusion the above examples appear as an interesting point of contact be- 
tween various approaches to noncommutative geometry. The original motivation 
came from the operator equation of degree n fulfilled by the Dirac operator of 
an n-dimensional spin manifold [ |l5| . The simplest equation "quantizing" the 
corresponding Hochschild cycle c, namely c — ch(e) (|jl^) led to the definition 
of spherical manifolds. What we show here is that in the simplest non trivial 
case (n = 3, q = 2) the answer is intimately related to the Sklyanin algebras 
which play a basic role in noncommutative algebraic geometry. 

Many algebras occuring in this paper are finitely generated and finitely pre- 
sented. These algebras are viewed as algebras of polynomials on the corre- 
sponding noncommutative space S and we denote them by Caig(5'). With these 
notations Caig(S') has to be distinguished from C°°{S), the algebra of smooth 
functions on S obtained as a suitable completion of Caig(S'). Basic algebraic 
properties such as Hochschild dimension are not necessarily preserved under 
the transition from Caig(S') to C°^{S). The topology of S is specified by the C* 
completion of C'^{S). 

The plan of the paper is the following. After this introduction, in section ||, 
we give a complete description of noncommutative spherical manifolds for the 
lowest non trivial dimension : Namely for dimension n = 3 and for q — 2. 
These form a 3-parameter family 5„ of deformations of the standard 3-sphere 
as explained above and correspondingly one has a homogeneous version which 
is a three-parameter family K^ of deformations of the standard 4-dimensional 
Euclidean space M.*. We then consider their suspensions and show that the 
suspension S^ of S^ is a four-dimensional noncommutative spherical manifold 
(with (7 = 4 = 2^). In Section H, we show that for generic values of the pa- 
rameters, the algebra Caig(Ru) of polynomial functions on the noncommutative 
IR-u reduces to a Sklyanin algebra M|, pl|. These Sklyanin algebras have been 
intensively studied p3|, [p2|, from the point of view of noncommutative alge- 
braic geometry but we postpone their analysis to Part II of this paper. We 



concentrate instead on the determination of the scahng foHation of the param- 
eter space E for 3-dimensional spherical manifolds 5*^. Different S^ can span 
isomorphic 4-diniensional K^ and we shall determine here the corresponding 
foliation of E using the geometric data associated |43| ||l|||] to such algebras. 



This will allow us to isolate the critical points in the parameter space E and we 
devote the end of the paper to the study of the corresponding algebras. The 
simplest way to analyse them is to view them as a special case of a general pro- 
cedure of ^-deformation. In Section ^ we define a noncommutative deformation 
R^" of M^" for n > 2 which is coherent with the identification C" = R^" as 
real spaces and is also consequently a noncommutative deformation Cg of C". 
For n = 2, Rg reduces to the above one-parameter family of deformations of 
R^ which is included in the multiparameter deformation K^ of Section g. We 
introduce in this section a deformation of the generators of the Clifford alge- 
bra of M^" which will be very useful for the computations of Sections |^ and 
|l2| . In Section ^ we define noncommutative versions R^"^^, Sg^ and S'g"^^ of 
R2"+i, 5'2" and S^""! for n > 2. For n = 2, 5^" reduces to the noncommu- 
tative 4-sphere Sg of Q whereas Sg"^^ reduces to the one-parameter family 
Sg of deformation of 5''^ associated to the non-generic values of u. We gener- 
alize the results of |ia] on Sj to 5*^" for arbitrary n > 2 and we describe their 
counterpart for the odd-dimensional cases Sg"'~^ showing thereby that these 
S^ {m > 3) are noncommutative spherical manifolds. Furthermore, it will be 
shown later (in Section O) that the defining hermitian projections of Sg"' pos- 
sess differential self-duality properties which generalize the ones of their classical 
counterpart (i.e. for 5^") as explained in [^. In Section ||, we define algebraic 
versions of differential forms on the above noncommutative spaces. These defi- 
nitions, which are essentially unique, provide dense subalgebras of the canonical 
algebras of smooth differential forms defined in Sections 



11 13, h3 for these 



particular cases. These differential calculi are diagonal ||28| which implies that 
they are quotients of the corresponding universal diagonal differential calculi 
[ P4| . In Section we construct quantum groups which are deformations (called 
0-deformations) of the classical groups GL{m,M.), SL{m,]S.) and GL{n,C) for 
777, > 4 and n > 2. The point of view for this construction is close to the 
one of [^ which is itself a generalization of a construction described in ||38| , 
[ P9| . It is pointed out that there is no such 6'-deformation of SL{n, C) although 
there is a 6'-deformation of the subgroup of GL{n,C) consisting of matrices 
with determinants of modulus one (| detc(M)p = 1). In Section g we define the 
corresponding deformations of the groups 0{m), SO{m) and U{n). As above 
there is no 0-deformation of SU{n) which is the counterpart of the same state- 
ment for SL{n, C). All the quantum groups Gg considered in Section H and in 
Section B are matrix quantum groups p6| and in fact as coalgebra Caig(Ge) is 
undeformed i.e. isomorphic to the classical coalgebra Caig(G) of representative 
functions on G ||2^, (only the associative product is deformed). In Section ^ 
we analyse the structure of the algebraic version of differential forms on the 
above quantum groups. These graded-involutive differential algebras turn out 
to be graded-involutive differential Hopf algebras (with coproducts and counits 
extending the original ones) which, in view of Q , means that the corresponding 



differential calculi are bicovariant in the sense of p% . It is wortfi noticing that 
the above 6'-deformations of K™, of the differential calculus on M™ and of some 
classical groups have been already considered for instance in H. The quantum 
group setting analysis of |^ is clearly very interesting: There, R™ appears (with 
other notations) as a quantum space on which some quantum group acts (or 
more precisely as a quantum homogeneous space) and the differential calculus 
on Rg* is the covariant one. Another powerful approach to the above quantum 
group aspects is to make use of the notion of Drinfeld twist ^^ since it is clear 
that the 0-deformed quantum group of Sections 7 and 8 can be obtained by 
twisting (see e.g. in |49| for a particular case); thus many results of Sections 7 
to 9 can be obtained by using for instance Proposition 2.3.8 of Qi its graded 
counterpart and the result of |Q for the differential calculus in this case. Here 
the emphasis is rather different. The noncommutative R™ appears as a solu- 
tion of the iiT-theoretic equations (1.2) or (1.4) appropriate to the dimension m 
and the differential calculus which is essentially unique is used to produce the 
projective resolution of C°°(R™) which ensures that the Hochschild dimension 
of C°°(M^) is TO (i.e. that Rg^ is TO-dimensional). It turns out that the dif- 
ferential calculus on R™ is covariant for some quantum group actions and that 
these quantum groups are again 0-deformations. However, our interest in 9- 
deformation is connected to the fact that it preserves the Hochschild dimension. 
Furthermore the analysis of Section 12 shows that in general the differential cal- 
culi over ^-deformations do not rely on the existence of quantum group actions, 
(see below). In Section |l^, we define the splitting homomorphisms mapping 
the polynomial algebras Caig of the various ^-deformations introduced previ- 
ously into the polynomial algebras on the product of the corresponding classical 
spaces with the noncommutative n-torus TJ*. In Section O we use the split- 
ting homomorphisms to produce smooth structures on the previously defined 
noncommutative spaces, that is the algebras of smooth functions and of smooth 
differential forms. In Section O we describe in general the construction which 
associates to each finite-dimensional manifold M endowed with a smooth action 
a of the n-torus T" a noncommutative deformation C°"{Mo) of the algebra 
C°°{M) of smooth functions on M (and of the algebra of smooth differential 
forms) which defines the noncommutative manifold Mg and we explain why the 
Hochschild dimension of the deformed algebra remains constant and equal to 
the dimension of M . The construction of differential forms given in this section 
shows that the 6'-deformation of differential forms does not rely on a quantum 
group action since generically there is no such an action on Mg (beside the action 
of the n-torus). The deformation C°°{Mg) of the algebra C°°{M) is a special 
case of Rieffel's deformation quantization [^ and close to the form adopted 
in pSJ . It is worth noticing here that at the formal level deformations of alge- 
bras for actions of R" have been also analysed in pG| . It is however crucial to 
consider (non formal) actions of T" ; our results would be generically wrong for 
actions of R" . 

In Section 03 we analyse the metric aspect of the construction showing that the 
deformation is isospectral in the sense of Il8] and that our construction gives 
an alternate setting for results like Theorem 6 of ||l3. We use the splitting 



homomorphism to show that when M is a compact riemannian spin manifold 
endowed with an isometric action of T" the corresponding spectral triple ([|l8|) 
{C°°{Mg),Ti8,Dg) satisfies the axioms of noncommutative geometry of p5| . 
We show moreover (theorem 9) that any T"-invariant metric on S"™, (m = 2n, 
2n — 1), whose volume form is rotation invariant yields a solution of the original 
polynomial equation for the Dirac operator on Sg^. Section O is our conclusion. 

Throughout this paper n denotes an integer such that n > 2, 9 E A/„(M) 
is an antisymmetric real (n, n)-matrix with matrix elements denoted by 9^i, 
{ji.v = 1, 2, . . . , n) and we set X^^" — e***"" — \f_,i,- The reason for this double 
notation X'^" , X^u for the same object e'^^'" is to avoid ambiguities connected 
with the Einstein summation convention (of repeated up down indices) which is 
used throughout. The symbol without other specification will always denote 
the tensor product over the field C A self-adjoint idempotent or a hermitian 
projection in a *-algebra is an element e satisfying e^ = e = e*. By a graded- 
involutive algebra we here mean a graded C-algebra endowed with an antilinear 
involution w i-^ u) such that lolj' = (— 1)^^ u)'u> for uj of degree p and w' of degree 
p' . A graded-involutive differential algebra will be a graded-involutive algebra 
endowed with a real differential d such that d(iu) = d{u)) for any lo. Given a 
graded vector space V = ©„F", we denote by (— Z)^"^ the endomorphism of 
V which is the identity mapping on (QkV and minus the identity mapping 
on ©fcF^'^"'"^. If rj' and SI" are graded algebras one can endow fi' (g) i7" with 
the usual product {x' ® x"){y' ® y") = x'y' ® x"y" or with the graded twisted 
one [x' (g) x"){y' ® y") = (-l)l^"ll'^'la;'2;' ® x"y" where \x"\ is the degree of 
x" and \y'\ is the degree of y'; in the latter case we denote by fi' ©gr fi" the 
corresponding graded algebra. If furthermore Vt' and Vi" are graded differential 
algebras Q! (ggr fi" will denote the corresponding graded algebra endowed with 
the differential d = d' (S> I + {—I)^'^ ® d" . A bimodule over an algebra A is 
said to be diagonal if it is a subbimodule of A^ for some set /. Concerning 
locally convex algebras, topological modules, bimodules and resolutions we use 
the conventions of [|lO|. All our locally convex algebras and locally convex 
modules will be nuclear and complete. Finally we shall need some notations 
concerning matrix algebras Mn{A) — Mn{C) ® A with entries in an algebra A. 
For M e Mn{A), we denote by tr(M ) the element J22=i ^a of A. If M and 
N are in M„(A), we denote by M ® iV the element of M„(yl A) defined by 
(Af ®iV)3 ^M^(g)Mj. 

2 Noncominutative 3-spheres and 4-planes 

Our aim in this section is to give a complete description of noncommutative 
spherical three-manifolds. More specifically we give here a complete description 
of the class of complex unital ^-algebras A'-^'' satisfying the following conditions 
(Ii) and (II): 

(Ii) A^^' is generated as unital *-algebra by the matrix elements of a unitary 



(II) U satisfies chi{U) = t/j ® C/;^' - Up «) C// = 

(i.e. with the notations explained above tr(t/ @U* — U* @U) = 0). 

It is convenient to consider the corresponding homogeneous problem, i.e. the 
class of unital *-algebras A such that 

(I) A is generated by the matrix elements oi a, U € M2{A) — M2{C) ® A 
satisfying U*U = UU* G I2 ^ where I2 is the unit of M2(C) and, 

(II) U satisfies chi (L/) = Wj ® U*^ - U*' C/f = 

i.e. tT{U@U* ~U*@U) =0. 

Notice that if A'^^'' satisfies Conditions (Ii) and (II) or if A satisfies Conditions 

(I) and (II) with U as above, nothing changes if one makes the replacement 

U^U' ^ UV1UV2 (2.1) 

with u = e*''' G C/(l) and Vi,V2 G SU{2). This corresponds to a linear change 
in generators, {A^^\U') satisfies (Ii) and (II) whenever {A''^\U) satisfies (Ii) 
and (II) and {A,U') satisfies (I) and (II) whenever {A,U) satisfies (I) and (II). 

Let y^ be a unital *-algebra and U G Ah (A) . We use the standard Pauli matrices 
ak to write U as 

U = hz" + iakz'' (2.2) 

where z^ are elements of A ior fi = 0, 1, 2, 3. In terms of the z^, the transfor- 
mations (2^) reads 

zf" ^ uSi^z" (2.3) 

with u G U{1) as above and where Sf^ are the matrix elements of the real 
rotation S G S'0(4) corresponding to (Fi, V2) G SU(2) x SU{2) = Spin(4). The 
pair {A, U) fulfills (I) if and only if A is generated by the z^ as unital *-algebra 
and the z'' satisfy 

(2.4) 
(2.5) 

(2.6) 

for k = 1,2,3, where CMm is completely antisymmetric in k,i,m G {1,2,3} 
with £123 = 1. Condition (Ii) is satisfied if and only if one has in addition 
^ z''*z^ = 1. The following lemma shows that there is no problem to pass 
from (I) to (Ii) just imposing the relation ^ z^*z^ — 1 = 0. 



z''z°* 


Ok* j_ ^t^m* 
— Z Z + tMrnZ Z 


= 


z°*z^ 


„k* ^Q 1 , „i* „''n 
- Z Z + ektrnZ Z 


= 




3 

) ]{z^'z^'* -z^'*z^') 


= 




M=0 





LEMMA 1 Let A, U satisfy (I) as above. Then Yl^^=o z>^* z^ is in the center 
of A. 



This result is easily verified using relations (2.4), (2.1), (pTq) above. 



Let us now investigate condition (II). In terms of the representation (|2.2| ), for 
U, condition (II) reads 

3 

^(z^*«)z''-z''(8)z''*) = (2.7) 

11=0 

for the z^ £ A. One has the following result. 



LEMMA 2 Condition (II), i.e. equation (2.7), is satisfied if and only if there 
is a symmetric unitary matrix A G Af4(C) such that z^* = K^z^ for /i G 
{0,---,3}. 



The existence of A € M4(C) as above clearly implies Equation (2.7). Conversely 



assume that (2.7) is satisfied. If the [z^) are linearly independent, the existence 
and uniqueness of a matrix A such that z^* — h}^z^ is immediate, and the 
symmetry and unitarity of A follow from its uniqueness. Thus the only difficulty 
is to take care in general of the linear dependence between the (z^). We let 
/ C {0, . . . , 3} be a maximal subset of {0, . . . , 3} such that the (z*)^^/ are 
linearly independent. Let /' be its complements ; one has z* = L\ z* for some 
L\ S C On the other hand one has z" = Cjz-' + E\y^ where the y^ are 
linearily independent elements of A which are independent of the z* and C' , E\ 
are complex numbers. This implies in particular that z^ * = L\ CjZ^ + LI E\y^ 



By expanding Equation (2.7) in terms of the linearily independent elements 
z* ® z^ , z'^ ®y^, y^ ® z^ oi A® A one obtains 

{t + L*L)C={{l + L*L)Cy (2.8) 

for the complex matrices L — {L'j ) and C = (Cj) (C is a square matrix whereas 
L is generally rectangular) and 

{1 + L*L)Ea = 

for the E\ which imphes E^^ = (since 1 + L*L > 0). Thus one has z" = C^z^ 
which implies C C = 1 for the matrix C, z' = Z* z"^, z"^ * — L] Cjz^ together 
with Equation <^^. This implies z*"* = A^^z" together with A(; = A^ for 
A G M4(C) given by 



a;- 


— /^^ Y^ /^rn T n T n 


4 


= L^n^^T = ^i' 


4 


= 



With an obvious relabelling of the z^, one can write A in block from 

C - C*L*L C*L* 



A 



LC 







The equality Az — z* and the symmetry of A show that A*z* — z so that 
A*Az = z. Let A — U\A\ be the polar decomposition of A. Since A is symmetric, 
the matrix U is also symmetric (symmetry means A* = JAJ~^ where J is the 
antilinear involution defining the complex structure, one has A — \A*\U so that 
A* = [/*|A*| and the uniqueness of the polar decomposition gives [/* = JUJ^^). 
Moreover the equality A*Az = z shows that 

(1) Az = Uz, Pz = where P = {1 - U*U) 

One has (l — UU*) — JPJ^^ and with Cj an orthonormal basis of PC^, fj — Jcj 
the corresponding orthornormal basis of JPC^ one checks that the following ma- 
trix is symmetric, 

(2) 5 = El/.) (e, I 

Let now A = U + S. By (1) one has Az = z* since Sz — and Uz = Az ^ z*. 
Since A is symmetric and unitary we get the conclusion. 



Under the transformation (2.3), A transforms as 



A 



'SAS 



so one can diagonalize the symmetric unitary A by a real rotation S and fix its 
first eigenvalue to be 1 by chosing the appropriate u G U{1) which shows that 
one can take A in diagonal form 



A 



/ 



V 



1 



-2iipi 



'liipi 



= -2ii/3fc 



(2.9) 



i. e. one can assume that z° = x^ and z^ = e^'-^^x^ with e*'^'' G C/(l) C C for 
k € {1, 2, 3} and x^* = x^" (g A) for /i G {0, • ■ • , 3}. 



Setting z° = x^ = x°* and z'^ — e^'^^'x^, x^ 



relations (2.4) and (2.5) read 






(2.10) 
(2.11) 



for fc = 1, 2, 3 where (fc, i, m) is the cyclic permutation of (1, 2, 3) starting with 
k and where [x,j/]± = xy ± yx. Let u be the element (e*'''\ e*'''^, e*'^^) of T"^, 



10 



we denote by Au the complex unital *-algebra generated by four hermitian 
elements x'^, fj, € {0, • • • ,3}, with relatfons (^.1C|), (2.11) above. It follows 



from the above discussfon that all A satisfying (I) and (II) are quotient of 
^u for some u. However it is straightforward that the pair (^u, Uu) with [/„ = 
l2x"+i J2k=i e^'^'^Ufca;'^ satisfies (I) and (II) so the .Au are the maximal solutions 
of (I), (II) and any other solution is a quotient of some Au- In particular each 
maximal solution of (Ii), (II) is the quotient Au of ^u by the ideal generated 
by J2ui^^)'^ ~ ^ fo^ some u. This quotient does not contain other relations since 
Su(^^)^ is in the center of ^u (Lemma nh. In summary one has the following 
theorem. 

THEOREM 1 (i) For any u e T'^ the complex unital *-algebra Au satisfies 
conditions (/) et (I I). Moreover, if A is a complex unital ^-algebra satisfying 
conditions (/) and {II) then A is a quotient of Au (i-e- a homomorphic image 
of Au) for some u € T^ . 

(ii) For any u G T^ , the complex unital *-algebra Au satisfies 
conditions (/i) and {II). Moreover, if A^^' is a complex unital ^-algebra satis- 
fying conditions (/i) and {II) then A^^' is a quotient of Au for some u G T^ . 

By construction the algebras Au are all quotients of the universal Grassman- 
nian A generated by (/i) i. e. by the matrix components xi, . . . ,2:4 of a two 
by two unitary matrix. 

One can show that the intersection J' of the kernels of the representations p of 
A such that chi {p{U)) = is a non-trivial two sided ideal of A. More precisely 
let n = [xi, . . . , Xi], be the multiple commutator E e{a) Xg.(i) . . . x^(^4) (where 
the sum is over all permutations and e{a) is the signature of the permutation) 
then [fJ.,fi*] ^ in ^ and [fJ.,p*] belongs to J (see the Appendix for the de- 
tailed proof). Thus the odd Grassmannian B which was introduced in |1^ is a 
nontrivial quotient of A. 



There is another way to write relations (2.10]) and (2.11) which will be useful 



for the description of the suspension below, it is given in the following lemma. 

LEMMA 3 Let 7^ = 7* G A'/4(C) be the generators of the Clifford algebra 
ofW^, that is ^f_,-fi, + 7,, 7^ = 26f^,yl, and let 7^ be defined by 70 = 70; 7fe = 
g«5^7^j,g-*2Vfc2 for k G {1, 2, 3} with 7 = 7o7i7273 (— lb)- Then the relations 



( 2.1L ) and ( 2.11 ) defining Au are equivalent to the relation 



{^,x^)'^l®Y.^x^)' 



in Mi{Au) = Mi{C) ® Au. 

This is easy to check using 77^ = —7^7 and 7^ — 1. On the right-hand side of 
the above equality appears the central element X]u(^^)^ °f '^u! ^^^ algebra ^u 
has another central element described in the following lemma. 
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LEMMA 4 The element J2k=i'^°^i'Pk — fi ~ 'fim) cos{ipk) sm{ipk){x'')'^ is in 
the center of Au, where in the summation {k,£,m) is the cyclic permutation of 
(1, 2, 3) starting with k for k G {1, 2, 3}. 



This can be checked directly using (p. 10), (2.11). So one has two quadratic 



elements in the a;'' which belong to the center Z{A-a) of ^u- In fact, for generic 
u, the center is generated by these two quadratic elements. 



By changing Xk in —Xk one can replace (pk by 93^ +7r and by a rotation of 50(3) 
one can permute the (pk without changing the algebra Au nor the algebra ^u • 
It follows that it is sufficient to take u in the 3-cell defined by 

{{e"^'')eT^\Tr>pi>^2>P3>0} (2.12) 

to cover all the ^u and ^u • 

It is apparent that „4u is a deformation of the commutative *-algebra Caig(M'*) 
of complex polynomial functions on R'*; it reduces to the latter for (fii ^ (p2 = 
(/?3 = that is for u = e where e = (1, 1, 1) is the unit of T'^. We shall denote ^u 
by Caig(IR.u) defining thereby the noncommutative 4-plane R^ as dual object. 
Similarily, the quotient A\i of ^u by the ideal generated by J^ui^'^)'^ — 1 is a 
deformation of the *-algebra CaigiS^) of polynomial functions on S^ that is of 
functions on S^ which are restrictions to S^ C R''^ of elements of Caig(R'*); we 
shall denote this quotient ^u by Caig(5'u) defining thereby the noncommuta- 
tive 3-sphere S^ by duality. 

Let Caig(Ru) be the unital *-algebra obtained by adding a central hermitian 
generator a:^ to Caig(Ru) = ^u, i-e. Caig(Ru) is the unital *-algebra generated 
by hermitian elements a;'*, /i G {0, . . . , 3}, and a;* such that the x^^ satisfy (2.10D, 



(p. 11) and that one has a;^a;^ = a;'*a;'' for n G {0, . . . , 3}; the noncommutative 



5-plane R„ being defined by duality. Let Ca,ig{S^) be the unital *-algebra quo- 
tient of Caig(Ru) by two-sided ideal generated by the hermitian central element 
^ g(x'')^ + i^^)'^ ~ 1- The noncommutative 4-sphere 5*^ defined as dual object 
is in the obvious sense the suspension of S^. This is a 3-parameter deforma- 
tion of the sphere S'^ which reduces to Sg for (fii = (p2 = —^d and (^3 = 0, 
(see below). We denote by u'^,m the canonical images of a;^,x^ G Caig(Ru) in 
Caig(5'y) and by v^ the canonical images of a;'^ G Caig(Ru) in C^igiS^), i.e. one 
has J2i^^)'^ + u'^ — 1 and X]('^^)^ — ^' "^tc. It will be convenient for further 
purpose to summarize some important points discussed above by the following 
theorem. 

THEOREM 2 (i) One obtains a hermitian projection e G M/i{CiCi_g{S'^)) by 
setting e = ^(1 + 7^^'^ + 7")- Furthermore one has cho(e) = and chi(e) — 0. 
(ii) One obtains a unitary U G M2(Caig(5'„)) by setting U = 
Iv^ + i^kV^ where ak = akc^'f' . Furthermore one has ch 1 ([/) = 0. 
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Statement (ii) is just a reformulation of what has be done previously. Con- 
cerning Statement (i), the fact that e is a hermitian projection with cho(e) — 
follows directly from the definition and Lemma pi whereas chi (e) = is a con- 
sequence of chi{U) = in (m). 

We shall now compute cha (C/) and check that, except for exceptional values of 
u for which cha ([/) = 0, it is a non trivial Hochschild cycle on ^u- 

One has by construction 

ch3 (t/u) = tr(t/u @K@Uu@K-U^@Uu@U^@ Uu) 

which is an element of ^u ® ^u '^ -^u <8i ^ u an d c an b e considered as a ^u-valued 
Hochschild 3-chain. One obtains using ( ^.1C| ), ( 2.11 ) 



Ch3([/u) = - 2J Ca/l'ySCOsiipa — ^p + ^-y - ^s)x" (^ X^ ^ x'^ (g) X^ 

3>a,/3,7,(5>0 

+ i ^ sm{2{ip^ - ip^))x^ C^ x" ig x^ i» x" (2.13) 

3>fi,v>0 

where tap-fS is completely antisymmetric with 69123 = 1 and where we have 
set LpQ — 0. Using ( ^.13| ), ( 2.10 ), ( ^.11 ) one checks that c\vs.{Uu) is in fact a 



Hochschild cycle, i.e. 6(ch3 (f/u)) = 0. Actually, this follows on general grounds 
from the fact that chi(C/u) = and that C/*C/u = U^JJ^ is an element of 
the center I2 (8) Z{Au) of M2{Au) in view of Lemma ||. In fact the ^u-valued 
Hochschild 3-cycle cha (C/u) is trivial (i.e. is a boundary) if and only if it vanishes 
(which means that all coefficients vanish in formula (|2.13| )). Indeed ^u is a N- 
graded algebra with A^ — CI and A\= linear span of the {x^\^ G {0, • ■ • , 3}} 
and the Hochschild boundary preserves the degree. It follows that ch3({/u) 
can only be the boundary of linear combinations of terms which are in ®^A-a 
of total degree 4 and contain therefore at least one tensor factor equal to 1. 
Among these terms, the 1® x"' ® x^ ® x'^ ® x^ are the only ones which contain 
in their boundaries tensor products of four a;^ . One has for these terms 

6(1 ® x"' ® xl^ ® x"^ ® x^) ^ x"' (g xl^ ® x^ ® x^ + x^ ® x"' ® xl'^ ® x"^ 

-1 (g) {x'^x^ (g x'^ (g) x^ - x"' (g) xl^x"^ (g x^ + x"" (g x'^ (g x'^x^) 

however the x'^ g) x'^ g) x^ g) x^ + x^ g) x" (g x^ g) x^ cannot produce by linear com- 
bination a term with the kind of generalized antisymmetry of chs (t/u) excepted 

of course if chs ([/„) = 0. Thus ch3([/u) is non trivial if not zero. 
The ^u -valued Hochschild 3-cycle ch3(C/) on Aii is the image of ch3([/u) 
by the projection of ^u onto ^u . In particular ch3(t/) vanishes if chs (11^) 
vanishes which occurs on E'^ for (pi = <P2 = <y53 = f- and for (^si = f-, <y32 = </53 = 0. 
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For these two values of u, the algebras ^u are isomorphic, one passes from 
V'l = 'P2 — 'P3 = ^ to (fii — ^ , ip2 = ^3 = ^y the exchange of x° and x^; this 
is of course the same for ^u • One can furthermore check that the Hochschild 
dimension of ^u for these values of u is one. 

To obtain the Hochschild 4-cycle on ^u corresponding to the volume form on 
the noncommutative 4-plane MJ',, we shall just apply to cha^Uu) the natural 
extension of the de Rham coboundary in the noncommutative case, namely the 
operator B : Au ® A^^ -> X ® A^" (0 [H). Since cha ([/„) is not only a 
Hochschild cycle but also fulfills the cyclicity condition, it follows that, up to 
an irrelevant normalization B reduces there to the tensor product by 1, thus 

-Bch| (Uu) = 1 8) cli3 {Uu) 

and the Hochschild 4-cycle Bcha^Uu) which plays the role of the volume form 
of M^ is thus given by 

V = — 2_^ eafi-ySCOS^ipa— Vp + '^-f — ^s)^®x" ®X' ®X^ ®X 

3>a,/3,7,(5>0 

+ i ^ sa\{2{ip^,~ipy))l®x^ ^x" ®x^ ^x" (2.14) 

3>/j,i^>0 

It turns out that this 4-cycle is non trivial whenever it does not vanish as can 
be verified by evaluation at the origin which is the classical point of R^. The 
nontriviality of cha (t/) follows since Scha (f/u) is its suspension. 

3 The Scaling Foliation and relation to Sklyanin 
algebras 

We let as above E = T^ be the parameter space for 3-dimensional spherical 
manifolds S^. Different 5*^ can span isomorphic 4-dimensional M^ and we shall 
analyse here the corresponding foliation of E. 

More precisely, let us say that S^^ is "scale-equivalent" to 5^ and write u ^ v 
when the quadratic algebras corresponding to M^ and R^ are isomorphic. This 
generates a foliation of S which is completely described by the orbits of the flow 
of the following vector field: 

3 Q 

Z = 'y sm{2ipk) sm{ipe + ipm - ^k) t; — (3.1) 

as shown by, 

THEOREM 3 Let u e E. There exists a neighborhood Vofu such that v e V^ 
is scale- equivalent to u ij and only if it belongs to the orbit of u under the flow 
ofZ. 
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Let us first show that if v belongs to the orbit of u under Z then the cor- 
responding quadratic algebras are isomorphic. To the action of the group of 
permutations S^ of the 4 generators of the quadratic algebra there corresponds 
an action of ^4 on the parameter space E. This action is the obvious one on 
the subgroup ^3 of permutations fixing and the action of the permutation 
(1, 0, 3, 2) of (0, 1, 2, 3) is given by the following transformation, 



u;((pi, (/?2, ^z) = {-ipi,ip3 - V'l, '/'2 - <y3i) (3.2) 

The transformation w and its conjugates under the action of ^3 by permutations 
of the ifj generate an abelian group K of order 4 which is a normal subgroup 
of the group W = S4 generated by w and ^3. By construction ^(u) is scale- 
equivalent to u for any g G W. At a more conceptual level the group W is 
the Weyl group of the symmetric space used in lemma 2, of symmetric unitary 
(unimodular) 4 by 4 matrices. Moreover the flow of Z is invariant under the 
action of W. This is obvious for g G 1S3 and can be checked directly for w. 
Let C be the set of critical points for Z, i.e. C ~ {u, Zu = 0}. For u G C the 
orbit of u is reduced to u and the required equivalence is trivial. To handle the 
case u ^ C we let D C E be the zero set of the function, 



^(u) = Y[ sin((^fe) cos{ipi - ipm) (3.3) 

fc=i 

The inclusion n gD C C where g varies in K shows that we can assume that 
VL ^ D. We can then find 4 non-zero scalars s^, /i G {0, • • • ,3} such that. 



s^ s^ cos{lp2 — <f3,) + s^ s'^ sin[ipi) = 

s°s^ cos((p3 - (/3i) -I- s^s^sin((^2) = (3.4) 

s°s^ cos((pi -- (^92) -I- s^s^ sin((^3) = 

The solution is unique (up to an overall normalization and choices of sign) and 
can be written in the form, 

.0 = (n,sin^,)i/2 

s^ = (sin ipk Ylg-tk cos((pfc - ^dY'"^ 

where the square roots are chosen so that Y\s^^ = — (5(u). Then, provided that 
cos{ipj) 7^ Vj, the relations (2.10), (^.11) can be written 



[5*0, S**;]- — iJlm[Sl,Sm\+ (3.5) 

[Si,S„i]_ = i[So,Sk]+ (3.6) 
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where Jim = — tan((^^ — (pm) tan((y9fe) for any cyclic permutatfon {k,£,m) of 
(1, 2, 3) and where 

S^ = s'^x'^ (3.7) 

So defined the three real numbers Jki satisfy the relation 

Ji2 + J23 + J31 + J12J23J31 = (3.8) 



as easily verified. The relations (3_^), (3^) together with (3_^) for the con- 
stants Jki characterize the algebra introduced by Sklyanin in connection with 
the Yang-Baxter equation pOl, M]. 



In the case when the s'^ are real, the transformation (3/7) preserves the involu- 
tion which on the Sklyanin algebra S{Jki) is given by 

S^^S^ A^ = 0,1,2,3. 

In general, however, one cannot choose the s^'s to be real and the involutive 
algebra A^^ gives a different real form of the Sklyanin algebra. 

The invariance of the Jm under the flow Z, Z{Ji^f) ~ 0, thus gives the required 
scale-equivalence on the orbit of u provided cos{(pj) ^ Vj. The condition 
ifj = 7r/2 is invariant under the flow Z and this special case is handled in the 
same way (note that if moreover ipi — ipm one of the relations becomes trivial, 
the corresponding algebra is not a Sklyanin algebra but is constant on the orbit 
of Z). 

We have thus shown that two points on the same orbit of Z are scale-equivalent. 
Let us now prove the converse in the form stated in theorem 3. In order to distin- 
guish the quadratic algebras ^u we shall use an invariant called the associated 
geometric data. 

The Sklyanin algebras S{Jki) have been extensively studied from the point of 
view of noncommutative algebraic geometry. An important role is played by 
the associated geometric data 

{E,a,C} 

consisting of an elliptic curve E C P3(C), an automorphism a oi E and an 
invertible 0_E-module C (cf. ||l[ , [|| , Q , Q ) ■ This geometric data is invariantly 
defined for any graded algebra and in the above case of S{Jke), it degenerates 
when one of the parameters Jke vanishes (or in the case Jki = 1, Jir = —1, cf. 
[ p2| for a careful discussion). 

It is straightforward to extend the computations of |5^ to the present situation 
in order to cover all cases. Up to the action of the group W the critical set C 
is the union of the point P = (7r/2, 7r/2, tt/2) with the two circles, 
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For u = P, the geometric data is very degenerate, E = P^iC), while cr is a 
symmetry of determinant —1. In fact there are two other VF-orbits, those of 
P' = (7r/2, 7r/2, 0) and of O = (0,0,0) for which E = PsiC). For P', the 
correspondence cr is a symmetry of determinant 1, while for O it is the identity. 
For u G C+, u 7^ O, u ^ W{P') the geometric data degenerates to the union of 
6 projective lines Pi(C), with a given by multiplication by 1 for two of them, 
by e^'^^i for two others and e^^''^^ for the last two. The case u G C_ is similar, 
but not identical. E is the union of six lines but a is given by multiplication by 
— 1 for two of them, it exchanges two of the remaining lines with a^ given by 
multiplication by e^**^! and exchanges the last two with cr^ given by multiplica- 
tion by e~''''^i . 

For u ^ C, we can assume as above that u ^ D. Then, provided that 
cos((/9j) 7^ Vj we can reduce as above to Sklyanin algebras. In that case ([p^) 
the geometric data E C P3(C) is the union of 4 points with a non-singular 
elliptic curve, except (up to signed permutations) for the following degenerate 
case: 



Pi = {u; J23 = -a, J31 = a, J12 = 0} 

In that case, E is the union of 2 points, one line and 2 circles, the correspondence 
a fixes the 2 points and the line pointwise. It restricts to both circles Tj ~ 
Pi(C) and is given in terms of a rational parameter as the multiplication by 
{i + a}/'^)/{i — a}/"^) where each circle corresponds to a different choice of the 
square root a^/^. 
In the case 



TT IT IT 

P2 = {u; (/?i = - , Lp2^ f3, (P2 ^ ^, (P3^ 2 J' 

where u ^ D but cos{(pj) — for some j say j=l, the above change of variables 
breaks down, but the direct computation shows that as for u 6 Pi, P is the 
union of 2 points, one line and 2 circles. However the correspondence a is differ- 
ent from that case. It fixes the 2 points and is multiplication by —1 on the line. 
It exchanges the two circles F^ ^ Pi (C) and its square cr^ is given in terms of a 
rational parameter as the multiplication by the square of {i + b^^'^)/{i — b^^''^), 
b = —J 31, where each circle corresponds to a different choice of the square root 

61/2. 

On the circle, 



P = {u; (^1 = - , ip2 = ip3} 



the first of the six relations (2.11) becomes trivial and the quadratic algebra is 



independent of the value of Lp2 = 'P3 except for the isolated values and 7r/2, 
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which correspond to the orbit W{P) of the point P = (7r/2, 7r/2, tt/2) discussed 
above and for which cha ([/„) vanishes as explained in the last section. For points 
of the circle L not on this orbit, E is the union of six lines. The correspondence 
cr is 1 on one line, —1 on another line, and permutes cyclically the remaining 4 
lines, inducing twice an isomorphism and twice the coarse correspondence. 
Finally on the circle, 

L = {u; ^1 = - , '/'2 = 2 } 

except for the special cases treated above E is the union of a point with P2 (C) 
and the correspondence cr is a symmetry of determinant — 1 . 

Let us now end the proof of theorem 3. We work modulo W. For u G C 
the geometric data allows to distinguish it from any v in a neighborhood (one 
checks this for u = P and u G C+^_). For u ^ C the flow line through u is 
non-trivial. For u G L or L' the nearby points having the same geometric data 
are necessarily on L or L' and the scaling flow is locally transitive on both, so 
the answer follows. Each of the faces Fj is globally invariant under the flow Z. 
For u G Fj the nearby points having the same geometric data are necessarily 
on Fj and the correspondence a gives the required information to conclude that 
scale-equivalent nearby points are on the same flow line. Finally for points not 
W^-equivalent to those treated so far, the geometric data is a non-degenerate 
elliptic curve E whose j-invariant is given by 

j = 256(A2-A + l)3/(A2(l-A)2) 

A = sin(293i) sin(2((^2 - fa))/ sin(2(^2) sin(2(^i - ^3)) 

and a translation a which together allow for the local determination of the pa- 
rameters Jki and hence of the flow line of u. 



COROLLARY 1 The critical points of the scaling foliation are given by the 
union of the W -orbits of P, of C+ and ofC-. 

We shall now analyse the noncommutativc 3-spheres associated to the critical 
points in C_|_. The easiest way to understand them is as special cases of the 
general procedure of 0-deformation (applied here to the usual 3-sphere and also 
to R'') which lends itself to easy higher dimensional generalization. (The case 
of C_ can be reduced to C+ thanks to an easy " involutive twist" which will be 
described in general in part II). 
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4 The ^-deformed 2n-plane R^" and its Clifford 
algebra 

In the previous sections, we have obtained a multiparameter noncommutative 
deformation Caig(Mu) of the graded algebra Caig(K'*) of polynomial functions 
on K"* which induces a corresponding deformation Ca\g{S^) of the algebra of 
polynomial functions on S^ in such a way that all dimensions are preserved 
as will be shown in Part II. Moreover this is the generic deformation under 
the above conditions. We also extracted from this multiparameter deformation 
of Caig(M^) a one-parameter deformation Caig(M|) of Caig(M'^) which is also a 
one-parameter deformation Caig(Cg) of Caig(C^) whence C^ is identified with 
M^ through (for instance) z^ = x^ + ix^, z"^ = x^ + ix^. The parameter 9 
corresponds to the curve 6 ^-> u{6) defined by Ui = U2 = e^^^ and U3 = 1, 
i.e. to ifii — f2 — —^0 and (f^ ~ in terms of the previous parameters. 
Indeed for these values of u, the relations (2.10|), (^.11) for x^ , x^ , x''^ , x^ read in 



terms of z^ ~ x'^ + ix^ , z} = x'^ — ix^^ z^ = x^ -)- ix^ ^ z^ = x^ — ix^, (one has 
z'^* = z^ and z^* = z^) z^z^ — Xz^z^, z^z'^ = Xz^z^, z^z^ = z^z^, z^z^ = z^z^ , 
z^z^ = X~^z^z} ^ z^z^ = X^^z^z^ where we have set A — e**. This one-parameter 
deformation is well suited for simple higher-dimensional generalizations (i.e. C^ 
is replaced by C" and ^^ by R^", n > 2). In the following we shall describe 
and analyze them in details. For this we shall generalize d as explained at the 
end of the introduction as an antisymmetric matrix d G M„(K), the previous 

one being identified as I a n ) ^ ^^2(1^), and we shall use the notations 

explained at the end of the introduction. 

Let Caig(]R.g") be the complex unital associative algebra generated by 2n ele- 
ments z^, z^ (/i, ;/ = 1, . . . , n) with relations 

zt^z" = A^-'z'^z^, z^^z" = X^"'z''z^', z^'z'' = X^^^z'^z'' (4.1) 

for //, t/ = l,...,n {X^" — e*^"", 0^i, = — 0^^ G M). Notice that one has 
yt, ^ i/xt^'^ = Ji^ and that A^^ == 1. We endow Caig(M^") with the unique C- 
algebra involution x ^-> x* such that z^* = z^. Clearly the *-algebra Caig{M.g"') 
is a deformation of the commutative *-algebra Caig(M^") of complex polynomial 
functions on M^", (it reduces to the latter for 9 — 0). The algebra Caig(Kg") 
will be refered to as the algebra of complex polynomials on the noncommutative 
2n-planeM.l". 



In fact the relations ( |4.l| ) define a deformation Cg of C" and we can identify Cg 
and Mg" by writing Caig(Mg"') = Caig(Cg). Correspondingly, the unital subalge- 
bra 7Jaig(Cg ) generated by the z'^ is a deformation of the algebra of holomorphic 
polynomial functions on C". 

There is a unique group-homomorphism s 1-^ ct^ of the abelian group T" into 
the group Aut(Caig(Mg")) of unital *-automorphisms of Caig(Mg") which is such 
that asiz"") = e^^^-z'', {asiz") = e-'^''''''"z''). This definition is independent 
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of 9, in particular s i— > CTs is well defined as a group-homomorphism of T" into 
Aut(Caig(M^")) where it is induced by a smooth action of T" on the manifold 



^l^". It follows from the relations (|^) that the z^z^* = z^*z^ (1 < /i < n) 
are in the center of Caig(Kg"). Furthermore these hermitian elements gener- 
ate the center as unital subalgebra of Caig(IRg") whenever 9 is generic, i.e. for 
9fj_i, irrational V/x, i/ with \ < ^ < v < n. On the other hand these elements 
z^z^ generate the subalgebra Caig(Mg")°' of elements of Caig(K9") which are 
invariant by the action a of T". Thus Caig(Mg")'^ is contained in the center 
of Caig(Ke"')- This is not an accident, moreover the subalgebra of invariant 
elements of Caig(Kg") is not deformed (i.e. does not depend on 9) and is canon- 
ically isomorphic to Caig(M^")'^. 

Let ClifF(Mg") be the unital associative C-algebra generated by 2n elements T^, 
V^* {fijV — 1, . . . , 7i) with relations 

r'^r'^ + A'^^F'^r^ = o (4.2) 

pp*pjy ^ ^A"^pi^pp* ^ ^pi'j (-44) 

where 1 denotes the unit of the algebra. For 9 — one recovers the usual 
Clifford algebra of M^"; the familiar generators 7" (a = 1, 2, ... , 2n) associated 
to the canonical basis of M^" being then given by 7'' = F^ + F''* and 7*'+" = 
-z(F'" - F''*). There is a unique involution A 1-^ A* such that (F^)* = F^* for 
which Cliff (Kg") is a unital complex *-algcbra. One also endows Cliff (M^") with 



a Z2-grading of algebra by giving odd degree to the F^, F"^*. The relations (4.2), 
(U) and (^) imply that the hermitian element [F'^*,F'^] = F''*F^ - F^F^* 
anticommutes with F^ and F''* whereas it commutes with F"^ and F''* for v j^ ^ 
and that furthermore one has ([F^*,F^])2 = 1. It follows that 7 G CUff(M^") 
defined by 



7 = [F^*, F^] . . . [F"*, F"] = \Y [F'^*, F'^] (4.5) 

is hermitian (7 = 7*) and satisfies 

7^ = 1, 7F^ + F^7 = 0, 7F^* + F^*7 = (4.6) 

in fact A i— > 7A7 is the Z2-grading. The very reason why we have imposed the 



relations (O), (O) and ( [4.4| ) is the following easy lemma. 



LEMMA 5 In the algebra Cnff(Kg") ® Caig(M^"), the elements F^*z^ and 
YPzP = V z'^* , fi, p = 1, . . . ,n, satisfy the following anticommutation relations 
Yf^*zf^YP* zP + TP*zPTP*zP = (F^z^F^'z'' + F''z^F''z'' = 0) and F^*z^F''z'' + 
pp^ppM*^^ = SPPzPzP- which do not depend on 9. 
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This straightforward result is a key to reduce lots of computations to the classical 
case 9 = 0, (see below). The next result shows that ClifF(Rg") is isomorphic to 
the usual Cliff (R^") as *-algebra and as Z2-graded algebra. 

PROPOSITION 1 The following equality gives a faithful ^-representation tt 
o/ Cliff (M^") in the Hilbert space &'C^ , 



= 7r(r^)* 



2 



and TT is the unique irreducible * -representation of Cliff (Mg") up to a unitary 
equivalence. 



The proof is straightforward. Note that ®"C^ , viewed as the graded tensor 
product of C^ graded by I „ _. ] is a Z2-graded Cliff (Mg")-module. One has 

7r(7) = ®" I _ _. ) . In the following wc will use the above representation 
to identify Cliff (M^") with M2"(C). 

5 Spherical property of ^-deformed spheres 

Let Caig(Mg"^^), the algebra of polynomial functions on the noncommutative 
(2n + l)-plane R^"^^, be the unital complex *-algebra obtained by adding an 
hermitian generator x to Caig(Kg") with relations xz^ = z^x (/i = 1, . . . , n), i.e. 
Caig(Re"+^) - CaigCM^") ^C[x] ~ Caig(M^") Caig(M). Ouc kuows that the 
z^z^ = z^z^ and X are in the center so Y^^=i -^^^^ + x'^ is also in the center 
Caig(R^"+^). We let CaigC^*!") be the *-algcbra quotient of Caig(Me"+^) by the 
ideal generated by X]u=i z^z^^ + a;^ — 1. In the following, we shall denote by 
u'^,u'^ = u'^*, u the canonical images of z^,f ,a; in Caig('S'g"). On the unital 
complex *-algebra Caig(S'g") there is a greatest C*-seminorm which is a norm; 
the C*-algebra C(5g") obtained by completion will be refered to as the algebra 
of continuous functions on the noncommutative 2n-sphere Sg". 

It is worth noticing that the noncommutative 2n-sphere Sg" can be viewed as 
"one-point compactification" of the noncommutative 2n-plane R^". To explain 
this, let us slightly enlarge the *-algebra Caig(Kg") by adjoining a hermitian cen- 
tral generator (1 -I- ^^^i z^^ z'^)~^ = (1 + l^]^)^"^ with relation 
i'^ + YZ=iz''z''){l + \z\^)-'^ = (l + |z|2)-i(I + ^^^^z^z^) = 1. As wiU become 
clear (l-|-|z|^)~^ is smooth so that in fact we are staying in the algebra C°°(Rg") 
of smooth functions on Rg". By setting 



= 2z^(I + |z|2)-i, u''* ^ 2z^(l + \z\^)-\ u=il-J2 ^^2^)(1 + 



z\')-\ 
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one sees that the u^, u^* ,u satisfy the same relations as the u^, u''*,u. The 
"only difference" is that the classical point u'' = 0, u^ = 0, u = — 1 of Sg"^ does 
not belong to the spectrum of u'^,u'^*,u. In the same spirit, one can cover Sg"" 
by two "charts" with domain R^" with transition on Rg"\{0}, (z^ = 0, z"^ = 
being a classical point of M^"). 

Let Caig(5'g"~^) be the quotient of the *-algebra Caig(Rg") by the two-sided 
ideal generated by the element X]u=i ^^^^ — 1 of the center of Caig(Kg"'). This 
defines by duality the noncommutative (2n — l)-sphere Sg"'~ . In the following, 
we shall denote by v^ , v'^ the canonical images of z'', z" in Caig(5'g"^ ). Again 
there is a greatest C*-seminorm which is a norm on Ciag{Sg"~^); the C*-algebra 
obtained by completion will be refered to as the algebra of continuous functions 
on the noncommutative (2n — l)-sphere Sg""^^ . It is clear that, in an obvious 
sense, 5^" is the suspension of Sg"~^. 

As for the case of K^", one has an action a of T" on R^"+i, S"!" and 5'|"-^ 
which is induced by an action on the corresponding classical spaces. More 
precisely the group-homomorphism s i-^ cTg of T" into Aut(Caig(Rg")) ex- 
tends as a group-homomorphism s i— > CTs of T" into Aut(Caig(Rg"^^)) and 
these group-homomorphisms induce group homomorphisms s t-^ Us of T" into 
Aut(Caig(S'^"-i)) and of T" into Aut(Caig(S'^")). As for R^", one checks that 
the subalgebras of cr-invariant elements are in the respective centers, are not 
deformed, and are isomorphic to the subalgebras of cr-invariant elements of 
Caig(R2"+i), Caig(52n) ^^^^ Caig(^'"-') respectively. 

In order to formulate the last part of the next theorem, let us notice that, in view 
of (4.5) and (E^), there is an injective representation of Cliff(Rg") for which 



7=1 „ ^ ) where 1 denotes the unit of Af 2" ~i(C). In such a representation 
one has in view of ( [1.61 ) 



where a^ and a^ are in Af2'»-i(C). 

THEOREM 4 (i) One obtains a hermitian projection e G A/2" (Caig(5g")) by 
setting e ~ ^(1+^" -|^(r^*u'^ +r^w^*)-|-7u). Furthermore one has chm(e) = 
for < m < n — I. 

(a) One obtains a unitary U G Af2"-i (C'aig(S'g"^ )) by setting 
U = X)u=i(''^^'^^ -fcr^u'^) , where a^ and a'^ are as above. Furthermore one has 
ch^_i(U) = forl<m<n-l. 

The relation e = e* is obvious. It follows from Lemma ^ that 
(^(r^*z^ + P'z^*) j =^z''z'', 
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which in terms of the a'^ reads 






On the other hand relations (4.6) imply then 

/ n \ 2 „ 

^(r''*z^ + r^z^*)+7a: = ^ z^z'' + x^ 

which reduces to 1 G M2"(Caig(S'g")). This is equivalent to e^ = e. Using again 
Lemma ^ chm(e) = for m < n follows from the vanishing of the corresponding 
traces of products of the F^, F^*, 7 in the representation of Proposition |l|. The 
unitarity of C/ G Af2"-i(C'aig(S'g"~^)) is clear whereas one has 

ch„_ 1 (C/) = tr {{U @ U*)®"' - {U* @ U)®"") (5.1) 

which implies 



ch„_ . (C/) = tr ( ^r®'-^ - _^r®'rn ) ^ tr(7F^^™) (5.2) 



where F = Ep(r^*f^ + T^'w^) £ M2-(Caig(S'e""^)) and where in (|5J) tr and 



® are taken for Af2" instead of M2n-i as in ( p.lD , (see the definitions at the 
end of the introduction). It follows from ( |5.2| ) that one has ch„j_i ([/) = for 
1 < m < n — I for the same reasons as ch,„(e) = for m < n ~ 1. 



This theorem combined with the last theorem of Section 12 and the last theorem 
of Section |l^ implies that 5™ is an 77i-dimensional noncommutative spherical 
manifold. 

It follows from ch,„(e) = for < ttt, < n — 1 that ch„(e) is a Hochschild cycle 
which corresponds to the volume form on Sg". In fact it is obvious that the 
whole analysis of Section III and IV of jl^ generalizes from Sg to 5g". This is 
in particular the case of Theorem 3 of [n8| (with the appropriate changes e.g. 
4 i-^- 2n and M4(C) 1— > M2^{C)). The odd case is obviously similar. This will 
be discussed in more details in Section n3. 

The projection e is a noncommutative version of the projection- valued field P+ 
on the sphere 5^" described in Section 2.7 of Q; one has P+ = e\e=o- As was 
shown there, P+ satisfies the following self-duality equation 

*P+{dP+Y = i"P+(rfP+)" (5.3) 

where * is the usual Hodge duality of forms on S*^". Since * is conformally 
invariant on forms of degree n, this equation is conformally invariant. The 
above equation generalizes to e (i.e. on iSg") once the appropriate differential 
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calculus and metric are defined, (see Theorem 6 of section 12 below). For 



n 



even, Equation (5.3) describes an intanton (the "round" one) for a conformally 
invariant generalization of the classical Yang-Mills action on S'^" (which reduces 
to the Yang-Mills action on S"*), Q. The fact, which was pointed out and used 
in p^, that classical gauge theory can be formulated in terms of projection- 
valued fields is a direct consequence of the theorem of Narasimhan and Ramanan 
on the existence of universal connections Gil , [E2I , (see also in pl| for a short 
economical proof of this theorem). 

It is clear that by changing (u^,u) into (— m'', —u) one also obtains a hcrmitian 
projection e_ G M2»i(Caig(S'g")) satisfying chm(e_) = for < m < n — 1. 
For 9 = 0, 6- coincides with the projection-valued field P_ on S*^" of p2| 
which satisfies *P-{dP-)" = —i'"'P-{dP-)". What replaces e i~+ e_ for the 
odd-dimensional case is U 1-^ U* . 

6 The graded differential algebras r2aig(IR™) and 

i^alg('J^) 

There are canonical differential calculi, riaig(Kg") and Q^.i^iM.'^'^'^^), on the non- 
commutative planes Rg" and R^"^^, which are deformations of the differential 
algebras of polynomial differential forms on R^" and R^"+^ and which arc such 
that the z^'z^' = z^'z^' are in the center of f]aig(]Re") and r2aig(Re"+^) as weff as 
X in the case ilaig (Rg"'*' )■ Let us first give a detailed description of the graded 
differential algebra 17aig(Rg"). 

As a complex unital associative graded algebra rJaig(Ke") — ©peN^aig'^"^"^ 



is generated by 2n elements z^^z'^ of degree with relations (4.1) and by 2n 
elements dz^^,dz^ of degree 1 with relations 

dz^'dz'' + X^^dz'^dz" = 0, dz^dz"" + X""" dz" dz" = 0, dz^dz" + X^f^dz^dz" = 

(6.1) 

z^dz" = X^^dz^z^", z^'dz" = A'^'d^z^, z^'dz" = X^^dz^z^, z^dz" = A^'^dz^z'' 

(6.2) 

for any ^, j/ e {1, . . . , n}. There is a unique differential d of f2aig(Re"), (i.e. a 
unique antiderivation d satisfying d"^ = 0), which extends the mapping z^ 1-^ 
dz^^ , zy H^ dzy . One extends z^ ^^ z^ , dz" t— » dzy = (dz^) as an antilinear invo- 
lution w ^ cZ) of f}aig(Re") such that 11^ = (-1)pp'<I)'w for u e f]^jg(R^") and 

w' e 17Pjg(R2"). One has dw = dJ, Vw G f7aig(Rg"). Elements w G f7aig(Ke") 
satisfying a; = a) will be refered to as reai elements. Notice that the z^z'', z^dz^, 
z^dz^, dz'^dz'^ for fi G {1, . . . ,n} generate a graded differential subalgebra of 
the graded center of riaig(Rg") which coincides with this graded center when- 
ever 9 is generic. Notice also that these elements are invariant by the canonical 
extension to f^aig(Re") of the action a of T" on Caig(R^") = f]°jg(R^") (see the 
end of this section) . 
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There is another useful way to construct rJaig(Rg") which we now describe. Con- 
sider the graded algebra Caig(M^")(^RAR2» = Caig(M^")(^AcK^" where A^K^" is 
the complexified exterior algebra of R^". The graded algebra Caig(Kg") ® AcM^" 
is the unital complex graded algebra generated by 2n elements of degree zero, 



z^, z'' (/i, J/ = 1, . . . , n) satisfying relations (4.1) and by 2n elements of degree 
one, $^, f" (/z, 1/ = 1, . . . , n) with relations 

c^r + rc" = 0, ^"c + r^^ = o, c^r + cc = o (6.3) 

z^^" = ^•'z", z^C = Cz", z^C = Cz", z^C = Cz^ (6.4) 



for fi.iy IE {I, ■ ■ ■ ,n}. The 2n elements ^^,^'' satisfying (6.3) generate the com- 
plexified exterior algebra AcM^". An involution ui i-^ uj oi graded algebra on 
Caig(IRe") ® AcM^" is obtained by setting i^ = z^, 1^ = z'^ as before and by set- 
ting ^'^ — ^'^ , S,'^ — ^'^ ■ There is a unique differential d on the graded differential 
algebra Caig(K^") A^R^" such that 

dC = , d^" ^0 (6.5) 

dz'^ = z''^'' , dz^ = z''f'' (6.6) 



for /i = 1, . . . , n. One then has du) — duj for any uj G Caig(Mg ) (g) AcR ". It i s 



readily verified that the dz'^, dz'' defined by (6J) satisfy relations ( |6.l[ ) to (6.2) 



In other words f^aig(Me") is the differential subalgebra of Caig(M^") ® AcM^" 
generated by the z^, f (/i, j/ = 1, . . . , n). Furthermore the involution oj i— > a) of 
Caig(M^") ® AcM^" induces on fiaig(R0") the previously defined involution. As 
Caig(Ke")-bimodule, one has f^^ig(Mf ) C Caig(IRf ) «) APR^" go that f^^ig(R^") 
is a sub-bimodule of the diagonal bimodule (Caig(Re"))"^2,. ^ thus the ri^jg(Rg") 
are diagonal bimodules over Caig(Rg") |Q. This implies in particular that 
^edgi^l"') is a quotient of the graded differential algebra ^Diag(Caig(]Re")) |§J|- 

The differential algebra Caig(Rg") ® AcR^" has the following interpretation. Let 
us "suppress" the classical points z^ = (/i = 1, . . . , n) of Rg" by adjoining 
n real (hermitian) central generators of degree zero |z'^|~^ to J7aig(Rg") with 
relations 



Z' 



M|-2^ I^PI-Z^M^M ^ 1 



for /i = 1, . . . , n. This becomes a graded differential algebra r2aig(Rg") if one 

sets d|z''|^^ — — (|z^|^^)^d(z^z^) ioi ^ = 1, . . . ,n. 

Then the algebra Caig(R0") AcR^" is the subalgebra generated by the z^, z'^ 

and the C^ = Iz'^j-^z^dz'', ^'^ = jz^^l-^z^'dz" and it is a graded differential 

subalgebra of J7aig(Re"). The algebra r2aig(Re") is the 0-deformation of the 

algebra of complex polynomial differential forms on (C\{0})" C R^". 

The complex unital associative graded algebra riaig(Re"^"'^) is defined as the 

graded tensor product riaig(Re") "JSgr ^aig(R). More concretely one adjoins to 

riaig(Rg") one generator x of degree zero and one generator dx of degree one 

with relations 

xdx = dxx, XLo = ujx, dxLU = {—lYujdx (6.7) 
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for CO G r2^[ (Rg"). One extends the differential d of r2aig(IRe"') as the unique dif- 
ferential d of riaig(Kg"^^) mapping x on dx. The graded involution of riaig(]Ri") 
is extended into a graded involution w i-^ a) of fiaiglRg"^ ) by setting a; = x 

alg( 



and dx — dx. One has again duj = dw for tj G fi, ■ ''ii3'2"+i 



Again f7aig(Kg"+^) is the differential subalgebra of Caig(Mg"+^) ® AcM2"+^ gen- 
erated by the z^^ ,z^ ,x where the {2n + l)-th basis element of R^"+^ is identified 
with dx i.e. Caig(Ke"+^) «) AcM^^+i ~ (Caig(M^") ® A^M^") A(x,da;). Thus 
again the fJ^j (K^""'""^) are diagonal bimodules over Caig(Mg"^^) which imphes 
that f7aig(Mg"+^) is a quotient of f^Diag(Caig(Ke"+^)). Notice that these iden- 
tifications are compatible with the involutions of the corresponding graded dif- 
ferential algebras. 

Let now r2aig(S'g"~^) be the graded differential algebra quotient of riaig(Re") 
by the differential two-sided ideal generated by X]u=i z^^z^ — 1 and similarly 
^aigC*?!") be the quotient of Qs.igiMg"''^^) by the differential two-sided ideal gen- 
erated by X]u=i z'^z'^ + x^ — 1. These are again graded-involutive algebras with 
real differentials. Furthermore, it will be shown using the splitting homomor- 
phism that they are diagonal bimodules over Caig(S'g"~^) and over Caig(5'g") 
repectively from which it follows that they are quotient of riDiag(C'aig(5'g"~ )) 
and of ^Dmg{Cs,ig{Sg")) respectively. 

Let m = 2n or 2n + 1. The actions s i^ ct^ of T" on Caig(K^) and Caig(S'™"^) 
extend canonically to actions of T" as automorphisms of graded-involutive dif- 
ferential algebras, s i-> cr^ G Aut(riaig(K™)), and s ^^ cr^ G Aut(riaig(5'™~^)). 
The differential subalgebras Jlaig(M™)'^ and fls,\g{S'^~^y of cr-invariant elements 
are in the graded centers of Slaig(R™) and Qaig{S™~^) and they are undeformed, 
i.e. isomorphic to the corresponding subalgebras Oaig(K'")'^ and f2aig(5'™~^)'^of 
f]aig(M™) and r!aig(5™-i). 

7 The quantum groups G'L6/(m,M), SL0{m,'R) and 



In this section we shall give a concrete explicit description of the various quan- 
tum groups of symmetries of the noncommutative spaces M™ and Cg for m > 4 
and n > 2. There are other approaches to quantum groups of symmetries of Sg 
and Rg and some generalizations 1 49 , p3] , [pj . In Eoj the dual point of view is 



adopted and what is produced is the deformation of the universal enveloping al- 
gebra whereas in |Q the deformation is on the same side of the duality as devel- 
oped here; both points of view are of course useful. However it must be stressed 
that, beside the fact that our approach is closely related to the differential cal- 
culus, the important point here is the observation that the quantum groups 
we introduce arise with their expected Hochschild dimensions which equals 
the dimensions of the corresponding classical groups. They are deformations 
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(called 9-deformations) of the classical groups GL{m,'M.), SL{m,'M.), GL{n,C) 
and as will be shown in Section 12, the Hochschild dimension is an invariant 
of these deformations. It is worth noticing here that there is no corresponding 
^-deformation of SL{n, C); the reason being that dz^ ■ ■ ■ dz^ is not central and 
not cr-invariant in Oaig(Cg) = Oaig(Mg"). However, there is a ^-deformation 
of the subgroup of GL{n, C) consisting of matrices with determinants of mod- 
ulus one because dz^ ■ ■ ■ dz"dz^ ■ ■ ■ dz" is cr-invariant and (consequently) central. 

Let Mg{2n,R) be the unital associative C-algebra generated by 4n^ element 
aj^ , 6(^ , a(^ , &(^ (lijiy — I, . . . ,n) with relations such that the elements j/^, j/^, C^, 
C^ of Mg{2n,R) (g) f7aig(K2«) defined by 

y^ =; a(; (g) z"" + 6(; (g) z", y^ == a(; g) z"" + 6(; (g) z" , 

C =a'i,(g) dz" + h'i® dz, (t" = a'^(S) d^ + 1"^® dz" 
satisfy the relation 

CC + x^^'CC == 0, c^C"" + x>"'CC = 0, c^C"" + A'^^c'^C^ = 0. 

There is a unique *-algcbra involution a h^ a* on Mg{2n,M.) such that (a(^)* = 
d'ii (K)* — ^i- The relations between the generators arc easy to write ex- 
plicitely, they read 



a>; =. A'^^Ap.aX 


. <«p 


= A^^A.pfl^a;; 


(7.1) 


a;;6; = A^^A.,6X 


, <K 


= A^^Ap.fe^a;; 


(7.2) 


Kb-^p^X^^^Xp.blb'i 


, bfb;- 


^ A-^A,pfe^6(; 


(7.3) 



plus the relations obtained by hermitian conjugation, where we have also used 
the notation X^p for A"'' to indicate that there is no summation in the above 
formulas. This *-algebra becomes a *-bialgebra with coproduct A and counit e 
if we endow it with the unique algcbra-homomorphism 



A : Me (2n, M) ^ Me (2n, M) (g) Me (2n 


,M) 




Lracter e : Mg{2n, M) ^ C such that 






A< - a^®a^ + 6^®6^ e(a(;) = 


-K 


(7.4) 


Aa(; = a^®a^-f6>6^ e«) = 


-sa 


(7.5) 


Afe;; ^ a^®6^ + 6^®a^, e(5(;) = 





(7.6) 


AK = d^^®bt + b^^®at, e{b^,) = 





(7.7) 



for any /i, i/ G {1, . . . , n}. It is easy to verify that there is a unique algcbra- 
homomorphism S : fiaig(Ke") -^ Me(2n,E) (g f^aig(]R^") such that (5z^ = y^, 
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5z^ = y^^ Sdz'^ = C^, Sdz'^ = (^ and that this is furthermore a graded-involutive 
algebra-homomorphism. In fact, this is another way to obtain r2aig(Re") start- 
ing from Caig(Mg") and from the 0- twisted complexified exterior algebra AcM^" 
generated by the dz^,(if satisfying (|6.1[). One has 



{A^I)oS=iI(E)S)od, {e(g)I)o6 = I (7.8) 

and <50Pg(Rf ) c Me(2n,M) ® ^i^iJR^"), Vp e N. 

One has of course ^Caig(Ke") C Me(2n,M) ® Caig(Me")' (this is the previous 
resuh forp = since Caig(Mf ) = f}°ig(Mf )), and (5AcMf C M0(2n,M)® A^M^" 
with (SAPR^" C Afe(2n,M)®APM^" for anyp e N. Since A^"R^" is of dimension 
1 and spanned by dz^dz^ . . . dz'^dz'^ — nu=i dz^dzf^, it follows that one defines 
an element dctg G Afe(2n,R) by setting 

n n 

6 Yl dz^'dz^' = detg ® J| dz^'dz^' (7.9) 

/i— 1 M— 1 

which satisfies 

Adete = dete<»detg (7.10) 

e(dete) = 1 (7.11) 

and from the fact that IIu^i '^^'''^^^ i^ central in r2aig(Re") and from the 
very definition of A/e(2n,R) it also follows that detg belongs to the center of 
Me(2n,R). The element detg of Me(2n,R) is clearly hermitian, (dctg)* = detg. 



Remark. It is worth noticing that Relations (7.1), (7.2), (7.3) and their hermitian 
conjugate are the quadratic relations associated with a i?-matrix R satisfying 
the braid equation (Yang-Baxter) and which is of square equal to 1, (i.e. R rep- 
resents an elementary transposition). In other words, the bialgebra Afe(2n,M) 
is the bialgebra of the i?-matrix R. 

Let Ciiig{GLg{2n,R)) be the ^-bialgebra obtained by adding to Me{2n,M.) a 
hermitian central element detg' with relation detg . det^ = 1 = det^ . detg 
and by setting Adet^^ = det^^®det^^ and £(det^^) = 1. It is not hard 
(but cumbersome) to see that the introduction of det^ allows to invert the 

(2n,2n) matrix L = i ^ -r j in Af2ri(C'aig(G'i6((27T.,R)) and to obtain an 

antipode S on Caig{GLg{2n,R)) which of course satisfies ^(dete) — det^ and 

^(det^^) = detg. Thus Ca.\g{GLg{2n,R)) is a '\f -Hop f algebra and the quantum 

group GLg{2n,R) is defined to be the dual object. 

The quotient Caig{SLg{2n, R)) of Mg{2n, R) by the relation detg = 1 is also the 

quotient of Caig(G'Le(2n,R) by the two-sided ideal generated by detg —1 and 

det^^ —1 which is a *-Hopf ideal. So Cs,ig{SLg(2n, R)) is again a *-Hopf algebra 

which defines the quantum group SLg{2n,'R) by duahty. 

Replacing ilaig(Rg") by r2aig(Rg"^^) one defines in a similar way the =i=-bialgebra 
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Me{2n +1,R), the *-Hopf algebras Caig(GLe(2n+ 1,R)), C^ig{SLg{2n+l,R)) 
and therefore the quantum groups GLe{2n + 1,M.) and SLg{2n + 1,]R). 

Finally, we let Caig{GLg{n, C)) be the quotient of Caig{GLg{2n, M)) by the ideal 
generated by the b^^ and the 6(^ which is a *-Hopf ideal. The coaction of the 
corresponding Hopf algebra on rJaig(Cg ) is straightforwardly obtained. This de- 
fines the quantum group GLg{n,C) and its action on Cg. The ideal generated 
by the image of detg —1 in Caig{GLg{n,C)) is a *-Hopf ideal and the corre- 
sponding quotient Hopf algebra defines by duality a quantum group which is 
a deformation (6'-deformation) of the subgroup of GL{n,C) which consists of 
matrices with determinants of modulus one. 

8 The quantum groups Og{m), SOg{m) and Ug{n) 

Let Ce,\g{0g{2n)) be the quotient oi Mg{2n,M.) by the two-sided ideal generated 

by 

n 71 n 

^—1 M— 1 /I— 1 

for a, /9 = 1, . . . , n. This ideal is *-invariant and is also a coideal. It follows that 
Ca.ig{Og{2n)) is again a *-bialgebra. Furthermore, one can show that (dete)^ — 1 
is in the above ideal (see below) so Ca.\g{0g{2n)) is a *-Hopf algebra which 
is a quotient of Caig(GLe(2ri,IR)). One verifies that the homomorphism 5 : 
^aig(Ke") -^ Mg(2n,R) <» r2aig(K^") yields a homomorphism 

6r : f^aig(Ke") ^ aig(Oe(2n)) ® r!aig(Mf ) 

of graded-involutive algebras. This yields the quantum group Og(2n) which is 
a deformation of the group of rotations in dimension 2n and its action on M^" 
(cf. g). Indeed one has 

n n 

/I— 1 M— 1 

by the very definition of Caig{Og{2n)). One can notice here that Caig(06i(2n)) 
is a quotient of the Hopf algebra of the quantum group of the non-degenerate 

bilinear form B on C^" with matrix i ^ " j defined in [Q, the later 

bilinear form is equivalent to the metric of M^", (the involution being defined 
accordingly). The coaction Sr passes to the quotient to give the coaction 

Sr ■■ r!aig(5f -^) -^ Caig{Og{2n)) ® r!aig(5,2"-') 

which is also a homomorphism of graded-involutive algebras. By taking a further 
quotient by the relation detg — 1, one obtains the *-Hopf algebra Caig{S0g{2n)) 
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defining the quantum group SOg{2n). Let p : Me(2n,R) -^ Caig(Oe(2n)) be the 
canonical projection. The algebra Caig(Oe(2n)) is the unital *-algebra generated 



by the 4ri^ elements p{a'^), pib'^), p{o-'^), p(,K) with relations induced by (7.1), 
(O), (O) and the relations 



J2(p«)pia';)+pmp(b>;)) = s^pi, Y.^p{<)p{h^p)+pmp{a^p)) = o 

(for a,l3=l,...,n), together with p(a(^) = p(a(^)* and p(6(;) = p(&{;)*. It fol- 
lows that, for any C*-semi-norm v on Caig(Oe(2n)) one has v{a'^) — i'(a(^) < 1 
and z^(6(^) = v(hi) < 1 so that there is a greatest C*-semi-norm on Caig(Oe(2n)) 
which is a norm and the corresponding completion C{0g{2n)) of Ca\g{0g{2n)) 
is a C*-algebra. This defines Og{2n) as a compact matrix quantum group | |56| . 
The same applies to SOe{2n) which is therefore also a compact matrix quantum 
group. 

One proceeds similarily (with obvious modifications) to obtain the quantum 
groups Og{2n + 1) and S0o{2n + 1) which are again compact matrix quantum 
groups. One has also the coaction 

5r : f}aig(Ke"+') ^ aig(Oe(2n + 1)) ® r!aig(Kf +^) 

which passes to the quotient to yield the coaction 

5r : f^aig(5^) ^ Caig(Oe(2n + 1)) ® r!aig(5,'") 

these coactions are homomorphisms of graded-involutive algebras. This gives 
the action of the quantum group Oe(2n + 1) on the noncommutative 2n-sphere 
Sg". One obtains similarily the action of SOe{2n) on S'g""^ and of SOe{2n + l) 
on S'l". 

Finally one lets Caig(?7e(?^)) be the quotient of C^\g{Oo{2n)) by the ideal gen- 
erated by the p(6(^) and p(6^) which is also a *-Hopf ideal. The coactions Sr of 
Caig(Oe(2n)) on f}aig(Re") = ^aig(C^) and on Caig(S'g""^) pass to quotient to 
give corresponding coactions of Caig(f/6i(n)) . 
Again there is no corresponding 0-deformation of SU{n). 

Let us denote by z^,z^ — z* the generators of Ca.\g{^l\) = Caig(C"g) satis- 
fying ZfxZv = XufiZuZ^ and Zf^Zv = A^,yZ^z^. One verifies that one obtains a 
unique *-homomorphism ip of Mg{2n, K) into Caig(Rg") (8) Caig(IR^'^) by setting 
(/?(a(^) = z'^ ^ z^ and '/?(&(^) = z'^ (8) z*. This homomorphism is injective and its 
image is invariant by the action cr » cr of T" x T" on Caig(M^")® Caig(M!"e). We 
shall again denote by a (8) cr the corresponding action of T" x T" on Mg{2n, R), 
i.e. the group-homomorphism of T" x T" into Aut(Me(2n,R)), e.g. one writes 
as (8)crt(a{;) = e2"(«A' +*-))«(;, as (E> atibi^) = e^'^^^^^-'-^&l^, etc. . This induces 
a group-homomorphism (also denoted by cr (8 u) of T" x T" into the group 
of automorphisms of unital *-algebras (not necessarily preserving the coalge- 
bra structure) of the polynomial algebra Caig on each of the quantum groups 
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defined in this section and in Section |^. In each case, the subalgebra of cr (g) cr- 
invariant elements is in the center and is undcformcd, that is isomorphic to the 
corresponding subalgebra for 9^0. 

9 The graded differential algebras Qaig{Gg) as 
graded differential Hopf algebras 

The relations (^ to (Q define the *-algebra Me{2n,R) as Caig(M|^) with 
A'^ = 2n^ and where O G Mi\[{M.) is the appropriate antisymmetric matrix (which 
depends on 6* G M„(R)). Let riaig(Ke^) be the corresponding graded-involutive 
differential algebra as in Section 0. 



PROPOSITION 2 The coproduct A o/ Afe(2n,R) has a unique extension as 

^1^ 



honioniorphism of graded differential algebras, again denoted by A, o/57aig("^^^ 



into fiaig(Re^)'X'grf^aig(IIie^)- The counite of Mg{2n,W) has a unique extension 
as algebra-homomorhism, again denoted by e, o/J7aig(IR0^) into C with eod = 0. 
The coaction S : Caig(M0") — ^ Mg{2n,M.) ® Caig(Mg") has a unique extension as 
homomorphism of graded differential algebras, again denoted by S, o/fiaiglRg") 
into r^aiglH^e^) ®gr ^aiglRg")- The extended A is coassociative and the extended 
e is a counit for it and one has (A ()S) I) o S = {I (x) S) o 5 , {e (x) I) o d — T These 
extended homomorphisms are real. 

In this proposition, N = 2n^ and O are as explained above and one endows 
^aig(Me^) ®gr ^(1*1^) of the involution w' ® w' i-^ uj' ® u" = w' ® ui". So 
equipped riaiglKg/^) ®gr fiaiglKg^) is a graded-involutive differential algebra 
and the reality of A means A(a;) = A(a)). The uniqueness in the proposition is 
obvious and the only thing to verify is the compatibility of the extension with 
the relations da'^da'^^ + X^^Xpyda'^pda'^ = 0, . . . , a'^da'^p = A^'^Ap^da^a^^, . . . , etc. 
which is easy. One proceeds similarily for 5. In short, fiaiglRo^) ^^ ^ graded- 
involutive difFerential bialgebra and 17aig(Mg") is a graded-involutive differential 
comodule over riaig(Ke^). Notice that to say that A is a homomorphism of 
graded differential algebras means that A is a homomorphism of graded alge- 
bras and that one has the graded co-Leibniz rule Aod = (digjl-f (— /)s'^®(i)o A. 

By a graded differential Hopf algebra we mean a graded differential bialgebra 
which admits an antipode; the antipode S is then necessarily unique and satisfies 
S od ^ do S. The notion of graded-involutive differential Hopf algebra is clear. 
By adding det^^ to Me{2n,R) = f^aig(l^e^) as in Section [t] to obtain the Hopf 
algebra Caig(G'i6((2n,R)) and by setting 

[detg\uj] = 0, Vco G r!aig(R|^) 

d(detg"^) = -{detg^)'^d{detg) 

one defines the graded-involutive differential algebra i^aig{GLg{2n,M.)) (writ- 
ing nl^^{GLg{2n,R)) = Caig(GLe(2n,M)), etc.) which is naturally a graded- 
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involutive differential bialgebra and it is easy to show that the antipode S of 
Caig{GLg{2n,M.)) extends (uniquely) as an antipode, again denoted by S, of 
i}aig{GLg{2n,R)). One proceeds similarily to define naig{GLe{2n + 1,M)). One 
thus gets the following result. 

THEOREM 5 Let m be either 2n or 2n + 1. Then the differential algebra 
^a.ig{GLg{m,R)) is a graded-involutive differential Hopf algebra and ilaig(K.™) 
is canonically a graded-involutive differential comodule over D,aXg{GLg{m,M.)). 

Let Gg be any of the quantum groups defined in Sections and |8[ Then Caig(Ge) 
is a *-Hopf algebra which is a quotient of C\\g{GLg{m,M.)) by a real Hopf ideal 
I{Gq) for m — 2n OT m = 2n + 1. Let [/(Gg)] be the closed graded two-sided 
ideal of ^a\g{GLo{m,M)) generated by /(Ge) and let ^a\g{Ge) be the quotient 
of Vts.\g{GLg{m^W)) by [I{Gg)]. The above result has the following corollary. 

COROLLARY 2 The differential algebra i7aig(Ge) is a graded-involutive dif- 
ferential Hopf algebra and r2aig(R™) is a graded-involutive differential comodule 
over riaig(Ge). 



Similarly the algebra SlaigC-S*™) is a graded-involutive differential comodule over 
^a.\g{SO0{m+l)) and a similar result holds for GL0{n, C), m = 2n and 17aig(Cg ) 



fl . (02n\ 



10 The splitting homomorphisms 

We let Ca\g{Tg) be the =i=-algebra of polynomials on the noncommutative n-torus 
Tg i. e. the unital *-algebra generated by n unitary elements [/^ with relations 

Ut'U" = Xt'^WU'' (10.1) 

for /i, i^ = 1, . . . , n. We denote by s ^^ r^ G Aut(Gaig(TJ'^)) the natural action of 
T" on T^ (§) such that T.iW) = e^'^^'^U'' Vs £ T" and ^ e {1, . . . , n}. 

We let as in Section |[ s ^^ cTg e Aut(Gaig(Mg")) be the natural action of T" 
on Gaig(Mg"). It is defined for any (real antisymmetric (n, n)-matrix) and 
in particular for 6* — 0. This yields two actions a and r of T" on M^" x Tg 
given by the group-homomorphisms s ^— *■ (T^ (g) / and s ^-^ / Ts of T" into 
Aut(Gaig(R^") <8>Gaig(T'J^)) with obvious notations. The noncommutative space 
R2" X T^ is here defined by Gaig(M2" x T^) = G^ig(R^"-) ® Gaig(rg"). We shall 
use the actions a and the diagonal action a x t^^ of T" on R^" x Tg, where 
a X T~^ is defined by s ^^ as '^ t^s = {cr x t^^)s (as group homomorphism of 
T" into Aut(Gaig(M^" x T^))). 

In the following statement, z^(o) denotes the classical coordinates of C" corre- 
sponding to z^ for = 0. 
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THEOREM 6 a) There is a unique homomorphism of unital ^-algebra 

St : aig(K2") ^ aig(M'") ® C^isiTe) 

such that st{z^^) — 2^^(o) ® U^^ for pi = 1, . . . ,n. 

b) The homomorphism st induces an isomorphism o/Caig(Rg") onto the sub- 
algebra Caig(M^" X T'g")<^x^"' of Caig(K2" X Tg") affixed points of the diagonal 
action of T" . 

One has st{z'^) = st{z^^)* and, using ( |l0.l[ ), one checks that st{z'^), st{z'^) 



fulfiU the relations (4.1). On the other hand, it is obvious that the st{z'^) are 
invariant by the diagonal action of T". Thus the only non-trivial parts of the 
statement, which are not difficult to show, are the injectivity of st and the fact 
that Caig(K^" xTgY^'^ is generated by the z^ as unital *-algebra. 
This extends trivially to 

st : Calg(Mf +1) ^ Calg(M2"+l) Calg(r^) = Calg(K2"+l X T,") 

with st{x) = X(o) ® 1 and st{z^^) ~ ^^(o) ® U'^. This is again an isomorphism of 
Caig(Mf +') onto Caig(K2"+i X T,")-x-". 

The above homomorphisms st pass to the quotient to define homomorphisms of 
unital *-algebras (m = 2n, 2n + I) 

st : Calg(5^")) -^ Calg(^™) aig(T,") = Calg(^™ X Tg") 

which are isomorphisms of Caig(S'™) with Caig(S'™ x TqY^'^ , the fixed points 
of the diagonal action a x t~^ of T" (recall that a was previously defined for 
any 9, in particular for 9 = 0). 

We shall refer to the above homomorphisms st as the splitting homomorphisms. 
They satisfy st o as = (cs (E> I) o st for any s = (si, . . . , s„) e T" and thus st 
induce isomorphisms 

st : C^igiMeY ^ Caig(Af)" ® 1(C C,ig{M) ® aig(Te")) 
for Af = R" and 5". 

In a similar manner, with M as above, st extends to isomorphisms of unital 
graded-involutive differential algebras 



st : f]alg(Me) ^ (^alg(M) ® Caig(r,"))"X"" 
by setting 

st{dz^^) = dz^(o) ® t/^ and st{dx) = dx(o) ® 1 
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using the previously defined action g of T" on fiaigl-^^e) for any 9 (in particular 

(9 = 0). 

The compatibility with the differential and the action of T" is explicitly given 

by, 



stod = {d®I)ost (10.2) 

StoOs = [Os ® I) o st (10.3) 

Remark. We shall use the splitting homomorphisms st to reduce computations 
involving 6'-deformations to the classical case {9 — 0). For instance we shall later 
define the Dirac operator, Dg, on Mg in such a way that is satisfies with obvious 
notations st o ad{Dg) — {ad{D) ® I) o st where on the right-hand side D is the 
ordinary Dirac operator on the riemannian spin manifold M, {M — M?", R^"'+-'^, 
g2n-i^ S*^"); this will imply the first order condition, the reality condition and 
the identification of the differential algebra flo with ilaig(-^^e), (see Section p^. 

A similar discussion applies to the various 0-deformed groups mentionned above. 
To be specific, we introduce the n unitary elements [/^ with relations 

U^U, = Kf,U,U^ (10.4) 

for ^,u — l,...,n, (recall that Ap,y — e'^f^ = A^'', V/x, i^) which generate 
Caig(r"g), the opposite algebra of Caig(T'J'). 

Let us consider for m — 2n or m — 2n + 1 the homomorphism r23 o (st st): 

aig(M^") ® aig(M™e) ^ Caig(K™) aig(K") ® aig(Te") ® c^i^irig) 

where r23 is the transposition of the second and the third factors in the tensor 
product, (i.e. C^igiT^) «) Caig(K™) is replaced by Caig(R'") ® Caig(rg") there). 
This *-homomorphism restricts to give a homomorphism, again denoted by st 

st : Mg{m,R) ^ Af (m,R) «. C^i^iT^) ® aig(ri'e) 

which is again a homomorphism of unital ^-algebras and will be also refered to 
as splitting homomorphism. For instance, for m = 2n, it is the unique unital 
*-homomorphism such that 

(0) 

stiai^) =a(; ®l/^ U^ (10.5) 

(0) 

st{b^) ^b^ ^w" ® [/; (10.6) 

(0) (0) 

for /i, z/ = 1, . . . , n where a(^ and fe(^ are the classical coordinates corresponding 
to a'^ and 6(^ for 9 = 0. The counterpart of b) in Theorem O is that st induces 
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here an isomorphism of Mg{m,M.) onto the subalgebra of the elements x of 
M(m,R) (g) Caig(Tg*) ® Caig(T"g) which are invariant by the diagonal action 
(a (g) fj) X (t ® r)"i of T" x T" i.e. which satisfy (tJs (B> a-t)iT-s (g) T_t)ix) = x, 
V(s; f) e T" X T" (with the notations of the end of last section). One has 

st O (CTs ® (Tt) = ((CTs ® (Tt) (g) / (Xi /) o st 

which then implies that st induces an isomorphism of Mg{m,M.)'^^"' onto 
M(m,R)'^®'^ (gi 1 (g) 1 where Mg{m,R)''®"' denotes the subalgebra of elements 
which are invariant by the action of T" x T", (the same for 61 = on the right- 
hand side). This in particular implies that st{dete) is in M(2n,K)'^®'^ (g) 1 (g) 1; 
in fact one has st{detg) = det (gl g) 1 where det = dete=o is the ordinary deter- 
minant. 
The above homomorphism passes to the quotient to yield homomorphisms 

st : aig(Ge) ^ aig(G) g. aig(r,") ® aig(T:'9) 

where G is any of the classical groups GL{m,M.), SL{m,M.), 0{m), SO{m), 
GL{n, C), U{n) or the subgroup GL(i) {n, C) of GL{n, C) consisting of matrices 
with determinants of modulus one, m — 2n or m — 2n + 1, and where Gg de- 
note the corresponding quantum groups defined in Section ^ and in Section |[ 
These homomorphisms st which will still be refered to as the splitting homo- 
morphisms, have the property that they induce isomorphisms of Gaig{Gg) onto 
(Gaig(G) g) Gaig(Tg") g) C(Tl'e))('^®'^)^(^®^)"' for these groups G. 

Thus, one sees that the situation is the same for the above quantum groups as 
for the noncommutative spaces Mg with M = R™, S"^ excepted that the action 
of T" is replaced by an action of T" x T" — T^" and that the noncommutative 
n-torus T^ is replaced by the noncommutative 2n-torus Tg",gs where 9 x (—0) 

is the real antisymmetric (2n, 2n)-matrix I a ] ^ Af2n(R); one has of 

course Galg(r2^(_,)) = Gaig(r,") ® Gaig(T:!,). 

11 Smoothness 

Beside their usefulness for computations, the splitting homomorphisms give 
straightforward unambiguous notions of smooth functions on 0-dcformations. 

The locally convex *-algebra G°°{Tg) of smooth functions on the noncommuta- 
tive torus Tg was defined in [^. It is the completion of Gaig(TJ') endowed with 
the locally convex topology generated by the seminorms 

\u\r^ sup ||Xp...X;"(«)|| 

where || • || is the G*-norm (which is the sup of the G*-seminorms) and where 
the X^ are the infinitesimal generators of the action s h^ Ts of T" on Tg . They 
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arc the unique derivations of Ca\g{Tg) satisfying 

X^{U-) = 2iTi5-^U- (11.1) 

for ^^v — 1, . . . , n. Notice that these derivations are real and commute between 
themselves, i.e. X^(u*) = {X^{u))* andX^X^ — X^X^ = 0. This locally convex 
*-algebra is a nuclear Frcchet space and it follows from the general theory of 
topological tensor products that the 7r-topology and e-topology coincide ||3l|] on 
any tensor product, |53[ i.e. 

so that on E ® C°°{Tg) there is essentially one reasonable locally convex topol- 
ogy and we denote by E®C°° {Tg) the corresponding completion. 

It is then straightforward to define the function spaces C°°{Mg) (of smooth 
functions) and C^{Mg) (of smooth functions with compact support) for any 
of the 0-deformed spaces mentionned above, as the fixed point algebra of the 
diagonal action of T" on the completed tensor product C°°(M)(g)C°°(rj') (and 
onC~(Af)§C°°(Tg")). 

Using the appropriate splitting homomorphisms, one defines in the same way 
the locally convex *-algebras C°°{Gg) and C^{Ge) of smooth functions on the 
different quantum groups defined in Section M and in Section 0. The same dis- 
cussion applies to the algebras fl(Mg) and i^c{Me)oi smooth differential forms. 



12 Differential forms, self-duality, Hochschild co- 
homology for 6*- deformations 

Let M be a smooth m-dimensional manifold endowed with a smooth action s i~> 
as of the compact abelian Lie group T" , (the n-torus) . We also denote by s i-^ cts 
the corresponding group-homomorphism of T" into the group Aut(C°°(M)) 
(resp Aut{n{M))) of automorphisms of the unital ^-algebra C°°{M) of complex 
smooth functions on M with its standard topology (resp of the graded-involutive 
differential algebra fl{M) of smooth differential forms). 

Let C°°{Mg) be the ei-deformation of the ^-algebra C°°{M) associated by Q 
to the above data. We shall find it convenient to give the following (trivially 
equivalent) direct description of C°°{Me) as a fixed point algebra. 
The completed tensor product C°° {M)®C°° {Tg) is unambiguously defined by 
nuclearity and is a unital locally convex *-algebra which is a complete nuclear 
space. We define by duality the noncommutative smooth manifold M x TJ* by 
setting C°° (M xT^) = C°° {M)®C'^ (T^^) ; elements of C°° (M x T^) wiU be ref- 
ered to as the smooth functions on M x T^. Let C°° (Af x r»)'^x^"' be the subal- 
gebra of the / € C°° [M x Tg) which are invariant by the diagonal action axr'"^ 
of T", that is such that Us <E)T^s{f) ~ f for any s € T". One defines by duality 
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the noncommutative manifold Mg by setting C'^{Me) = C°°{M x T^f^ 
and the elements of C°°{Mg) will be refered to as the smooth functions on Mg. 
This definition clearly coincides with the one used before for the examples of 
the previous sections once identified using the splitting homomorphisms. 

Let us now give a first construction of smooth differential forms on Mg general- 
izing the one given before in the examples. Let i^{Mg) be the graded-involutive 
subalgebra (17(M)§C°°(Tg"))'"^^"' of n{M)^C°°{T^) consisting of elements 
which are invariant by the diagonal action a x t~^ of T". This subalgebra is 
stable by d®/ so fl{Mg) is a locally convex graded-involutive differential algebra 
which is a deformation of n{M) with n°{Mg) = C°°{Mg) and which wiU be ref- 
ered to as the algebra of smooth differential forms on Mg . The action s ^-s- cts of 
T" on n{M) induces s^ as0l on n{M)®C°°{T^) which gives by restriction a 
group-homomorphism, again denoted s i-^ cr^, of T" into the group Kui{Q,{Adg)) 
of automorphisms of the graded-involutive differential algebra ^{Adg). 

PROPOSITION 3 The graded-involutive differential subalgebra Vt{MgY of 
a-invariant elements of VL{Mg) is in the graded center of n{Mg) and iden- 
tifies canonically with the graded-involutive differential subalgebra J7(Af)°" of 
a-invariant elements ofVL{M). 

In other words the subalgebra of cr- invariant elements of U,{Mg) is not deformed 
(i.e. independent of 0). One has n{MgY = n{MY ® 1 (c Q.(M)d)C°° {T^)) . 
The notations Mg, C°°{Mg) introduced here are coherent with the standard 
ones Tg, C'^{Tg) used for the noncommutative torus. Indeed it is true that 
one has C°°(Te") = (C°°(T")®C°°(Tg"))'"^^"' where a is the canonical action 
of T" on itself. Furthermore there is a natural definition of the graded differen- 
tial algebra of smooth differential forms on the noncommutative n-torus Tg 
and it turns out that it coincides with the above one for M = T", that is with 
^{Tg), as easily verified. 

Although simple and useful, the previous definition of smooth differential forms 
on Mg is not the most natural one. Indeed the construction has the following 
geometric interpretation. The noncommutative manifold Mg is the quotient of 
the product MxTg by the diagonal action of T", and one has a noncommutative 
fibre bundle 

M X Tg" ^ Mg 

with fibre T". In such a context it is natural to describe differential forms on 
Mg as the basic forms on M x Tg for the operation of Lie(T") corresponding 
to the infinitesimal diagonal action of T". More precisely, let V^, /x e {1, . . . , n} 
be the vector fields on M corresponding to the infinitesimal action of T" 

Y^,{x) - -^asix) U^o (12.1) 
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for X S Af. These vector fields are real and define n derivations of C°°{M), 
again denoted by Y^, which are real and commute between themselves. The 
inner anti-derivations y^j i— > iy define an operation of the (abelian) Lie algebra 
Lie(r") in the graded differential algebra ^{M) |^, |3^ and the correspond- 
ing Lie derivatives Ly = diy + iy^d are derivations of degree zero of 17 (M) 
which extend the F^ and correspond to the infinitesimal action of T" on i^{M). 
The natural graded differential algebra of smooth differential forms on M x T^ 
is n{M X Tg") = n{M)^g,n{T^), and the operation §, [|o| of Lie(r") in 
ri(A/ X T^) corresponding to the diagonal action of T" is described by the 
antiderivations ifj, = iy (^ I — (—1)^'^ <8> ix of i^{M x T^) where ix is the an- 
tiderivation of degree -1 oin{T^) = C°°{t})^mA^" § such that ix^iuj") = b^ 
with io^ — 7r-^U'^*dU^. The infinitesimal diagonal action of T" is described by 
the Lie derivatives L^ — di^ + i^d on fl{AI x Tg) and the differential subalgebra 
flsiM X T^) of the basic elements of fi(M -x Tg), that is of the elements a 
satisfying i^(a) = and L^{a) = for /u S {1, • • • , n}, is a natural candidate to 
be the algebra of smooth differential forms on Me . Fortunately, it is not hard to 
show that one has the following result which allows to use either point of view. 

PROPOSITION 4 As graded-involutive differential algebra Q.b{M x Tg") is 
isomorphic to 51(A/e). 

The (first) construction of Vt{Me) admits the following generalization. Let S 
be a smooth complex vector bundle of finite rank over M and let C^IM, S) be 
the C°°(Af)-module of its smooth sections, endowed with its usual topology of 
complete nuclear space. The vector bundle S will be called a-equivariant if it 
is endowed with a group-homomorphism s i— > K, of T" into the group Aut(S') 
of automorphisms of S which covers the action s i~^ ct^ of T" on M. In terms 
of smooth sections this means that one has 

V^ifi:) ^ a,{f)Vs{^) (12.2) 

for / £ C°°{M) and ip G C°°{M,S) with an obvious abuse of notations. Let 
C°° {Me , S) be the closed subspace of C°° (M, 5)0C°° (Tg") consisting of elements 
\[' which are invariant by the diagonal action V x t~^ of T", i.e. which satisfy 
Vs T^si'^) = * for any s G T". The locally convex space C°°{Me,S) is 
also canonically a topological bimodule over C°°{Me), or which is the same, a 
topological left module over C^ {Me)®^^ {MeY^^ . 

PROPOSITION 5 The bimodule C°°{Me,S) is diagonal and (topologically) 
left and right finite projective over C°°{Me). 

The proof of this proposition uses the equivalence between the category of a- 
equivariant finite projective modules over C°°{M) (i.e. of cr-equivariant vector 
bundles over M) and the category of finite projective modules over the cross- 
product C°^{M) x„ T", the fact that one has C^iM) x^ T" - C°°{Me) x„ T" 
and finally the equivalence between the category of finite projective modules 
over C°°{Me) x^T" and the category of u-equivariant finite projective modules 
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over C°^{Me) l32 



Let D be a continuous C-linear operator on C°° {M, S) such that 

DVs - VsD (12.3) 

for any s e T". Then C°°iMg, S) (c C°°{M, S)^C'^{T^)) is stable hy D (g, I 
which defines the operator Dg {^ D (g) I \ C^iMg.S)) on C^iMg^S). If D 
is a first-order differential operator it follows immediately from the definition 
that Dg is a first-order operator of the bimodule C°°{Mg, S) over C°°{Mg) into 
itself, [11|, |M. If D is of order zero i. e. is a module homomorphism over 
C°°{M) then it is obvious that Dg is a bimodule homomorphism over C°°{Mg). 

We already met this construction in the case of S* = f\T*M and D ^ d. There 
Dg is the differential d of Vt{Mg) which is a first-order operator on the bimodule 
Vt{Mg) over C°°{Mg). Let w i— > ^w be the Hodge operator on n[M) corre- 
sponding to a cr -inva riant riemannian metric on M. One has * o Us ~ Ug o * 
thus * satisfies ( |l2.3| ) from which one obtains an endomorphism *g of ^{Mg) 
considered as a bimodule over C'^{Mg). We shall denote *g simply by * in the 
following. One has *9P[Mg) C r2'"-P(Me). 

THEOREM 7 Let the 2n-sphere S"^" be endowed with its usual metric, let * be 
defined as above on il{Sg") and let e he the hermitian projection of Theorem\^. 
Then e satisfies the self-duality equation *e{de)''^ — i"e(de)". 

Indeed using the splitting homomorphism, e identifies with 

1 " 

where u^p^, ■ ■ ■ ,u are now the classical coordinates of M^"+-'^ for S''^" C M^""'""'^ 

and where f^* = F^* ® C/'^, f^ = F^ (g) C/'"* with 7 identified with 7 (g) 1 e 
M21. (C°°(rj')). Now one verifies easily that the F^*, F" satisfy the relations of 
the usual Cli fford algebra of R^" so *e((ie)" = z"e((ie)" follows from the classical 
relation ( |5.3| ) for P+ = e je^o and from * = * (g) / where on the right-hand side 
* is the classical one. 

Similarily one has *e_((ie_)" = — i"e_((ie_)". Notice that if one replaces the 
usual metric of S"^" by another cr-invariant metric which is conformally equiva- 
lent, the same result holds but that cr-invariance is a priori necessary for this. 
Let us now compute the Hochschild dimension of Mg. We first construct 
a continuous projective resolution of the left C°°(Af0)(g)C°° (Afe)°PP-module 

C°^{Mg). 

LEMMA 6 There are continuous homomorphisms of left modules 

ip : nP{Mg)i§C°°{Mg) -^ nP-\Mg)®C°"{Mg) 
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over C°°{Me)^C°°{Mg)°PP for p G {!,■■■ ,m} such that the sequence 

^ n"\Mg)^C°°iMg) ^ . . . ^ C°°iMe)^C°°iMg) A C°°iMg) -^ 

is exact, where fi is induced by the product ofC°°{Mg). 

In fact as was shown and used in llQ] one has continuous projective resolutions 
of C°°{M) and of C°°{T^) of the form 

^ 0"(Af)®C°°(A'f) ^ • • • d C°°(M)§C°°(Af ) -^ C°°{M) -^ 

^ f7"(Te")gC°°(Te") ^ • • • ^ C°°(re")gC7°°(re") A C°°(re") -^ 
which combine to give a continuous projective resolution of 

C°°{M)(S)C°°{T^) = C°°(Af X Tg") 
of the form 



where rjP(Af x T^) = ®p>fc>o r2'=(A/)gr2P-'''(re") and where 



^ C°°(M X TJ^)®C°°{M X Tg") A C°°(Af x Tg") ^ 



^P = 'E(*°«'^+(--^)''®Jp-fc)- 



There is some freedom in the choice of the i^, ji and one can choose them 
equivariant (by choosing a cr-invariant metric on M , etc.) in such a way that 
the ip restrict as continuous homomorphisms 

ip : f}^(A/ X Te")§C°°(Afe) ~> f7^""^(Af x Te")gC°°(Af(,) 

of C°°(Afe)§C°°(Me)°PP-modules which gives the desired resolution of C^iMg) 
using Proposition |5[ 

This shows that the Hochschild dimension mg of Alg is < m where m is the 
dimension of M . 

Let w G J7'"(Af) be a non-zero cr-invariant form of degree m on M (obtained 
by a straightforward local averaging) . In view of Proposition 0, w 1 = wg is a 
(7— invariant element of ri™(Afe), i.e. wg £ Vt^lMgY which defines canonically a 
non-trivial invariant cycle vg in Zm{C°°{Mg), C°°{Mg)). Thus one has mg > m 
and therefore the following result. 

THEOREM 8 Let Mg be a 9-deformation of M then one has dim(Me) = 
dim(Af), that is the Hochschild dimension mg of C°°{Mg) coincides with the 
dimension m of M . 

Note that the conclusion of the theorem fails for general deformations by actions 
of M'' as described in E^. Indeed, in the simplest case of the Moyal deformation 
of K^" the Hochschild dimension drops down to zero for non-degenerate values 
of the deformation parameter. It is however easy to check that periodic cyclic 
cohomology (but not its natural filtration) is unaffected by the 0-deformation. 
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13 Metric aspect: The spectral triple 

As in the last section we let M be a smooth ?n-diniensional manifold endowed 
with a smooth action s i-^ ag oi T". It is well-known and easy to check that we 
can average any riemannian metric on M under the action of a and obtain one 
for which the action s h^ CTs of T" on M is isometric. Let us assume moreover 
that M is a spin manifold. Let S be the spin bundle over M and let D be the 
Dirac operator on C°° ( M , S) . The bundle S is not a-equivariant in the sense of 
the last section but is equivariant in a slightly generalized sense which we now 
explain. In fact the isometric action a of T" on M does not lift directly to S but 
lifts only modulo ±/. More precisely one has a twofold covering p : T" -^ T" of 
the group T", and a group homomorphism s i-^ 14 of T" into the group A ut(5') 



which covers the action s i— > (t^ of T" on M. In terms of smooth sections, ( 12.2 ) 
generalizes here as 

Vsift^) = a,{f)VsW (13.1) 

where / G C°^{M) and V' £ C°°{M,S) with s = p{S). The bundle S is also a 
hermitian vector bundle and one has 

{VsW,Vs{^')) = a,{{i:,^/y)) (13.2) 

for ipjip' G C°°{M, S), s G T" and s = p{s) where (.,.) denotes the hermitian 
scalar product. Furthermore, the Dirac operator D commutes with the Vs. 

To the projection p : T" — > T" corresponds an injective homomorphism of 
C°°(r") into C'^if'') which identifies C°°{T"-) with the subalgebra 
(27oo^j.«JKor(p) Qf C'oo^j.n) ^f elements which are invariant by the action of the 
subgroup Ker(|?) ~ Z2 of T". Let Tg be the noncommutative n-torus T". 

and let s ^^ f^ be the canonical action of the n-torus T" that is the canonical 
group-homomorphism of T" into the group Aut{C°° (Tg)) . The very reason for 
these notations is that C^{T^) identifies with the subalgebra C°° (^f^)^''''^p) of 
C°°{Tg) of elements which are invariant by the f^ for s G Ker(p) ~ Z2. Un- 
der this identification, one has f~s{f) = t^(/) for / G C°°(rg") and s = p{s) G T". 

Define C°°{Me,S) to be the closed subspace of C°° [M , S)®C°^ [fe) consist- 
ing of elements ^ which are invariant by the diagonal action T^ x f~^ of T"; 
this is canonically a topological bimodule over C°°{Mo). Since the Dirac op- 
erator commutes with the T4, C°°{Mg,S) is stable hy D ^ I and we denote 
by Dg the corresponding operator on C°°{Mg,S). Again, Dg is a first-order 
operator of the bimodule C'=°{Mg,S) over C'^{Mg) into itself. The space 
C°°(M,5')§C°°(7;") is canonically a bimodule over C^ {M)%C'^ {f^) (and 
therefore also on C°°(M)0C°°(rj*)). One defines a hermitian structure on 
C°°(M,5)§C°°(fg") for its right-module structure over C°°(M)®C°°(T;") [§ 
by setting 

{ip®t,i)' ®t') = {^j,ii}')(g)t*t' 
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for V, tp' e C°°iM, S) and t, t' € C°°(T^). This gives by restriction the hermi- 
tian structure of C°°{Mg, S) considered as a right C°°(Me)-module; that is one 
has 

for any V^' & C°°{Mg,S) and /, /' £ C°°{Mg). Notice that when dim(M) is 
even, one has a Z2-grading 7 of C°° (M, S) as hermitian module which induces 
a Z2-grading, again denoted by 7, of C°°{Me,S) as hermitian right C°°[Mg)- 
module. 

Let J denote the charge conjugation of S. This is an antihnear mapping of 
C°°{M, S) into itself such that 

{J^J^) = (^,V) (13.3) 

jfj-' = r (13.4) 



for any iP G C°°{M,S) and for any / G C°°(M), (f*(x) = f{x)). Furthermore 
one has also 

JV, = VsJ (13.5) 

for any s G T". Let us define J to be the unique antilinear operator on 
C°°(M,5)gC°°(fg") satisfying J(Vj (g) t) = J^p (g) t* for V e C°°(M,S') and 
i G C°°(fg"). The subspace C^^iMg, S) is stable by J and we define Jg to be 
t he in duced antilinear mapping of C°°{Mg, S) into itself. It follows from ( |l3.3|) , 



(13.4) and from the definition that one has 



{Jgij,Jei^) = {,p,i;) (13.6) 

JefJg^^P = V/* (13.7) 

for any ^ G C°°{Mg, S) and / G C°°{Mg). Thus left multiplication by Jgf*Jg^ 
is the same as right multiplication by /. Obviously Jg satisfies, in function of 
dim(M) modulo 8, the table of normalizations, commutations with Dg and with 
7 in the even dimensional case which corresponds to the reality conditions 7) of 
[15J. This follows of course from the same properties of J, D,7 (i.e. the same 
properties for 9 = Q). So equipped C°°{Mg,S) is in particular an involutive 
bimodulc with a right-hermitian structure Eq] , |E9[ . 

Let us now investigate the symbol of Dg. It is easy to see that the left universal 
symbol a^lDg) of Dg (as defined in pTJ) factorizes through a homomorphism 

CJL{Dg) : n\Mg) C^iMg, S) ^ C^{Mg, S) 

of bimodules over C°"{Mg). By definition, one has 

[Dg,f]^^aL{Dg){df®i^) 
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for / e C°°{Mg) and ^ € C°°{Me,S) and df ^ [DgJ] extends as an injec- 
tive linear mapping of fl^{Mg) into the continuous linear cndomorphisms of 

C'^iMe,S). 

LEMMA 7 Let fi,gi he a finite family of elements of C°°{Mg) such that 
Y^i fi[De, gi] = 0. Then the endomorphism 'Yj\Dq^ fi\[Dg^gi] is the left mul- 
tiplication in C°°{Mg, S) by an element of C°°{Mg). 

When no confusion arises, we shall summarize this statement by writing 
E^[D9J^][De,g^] G C°° (Mg) whenever E^/^[^e,5^] = 0. Indeed, using the 
fact that Dg is the restriction oi D (^ I where D is the classical Dirac operator 
on M one shows that 

Y^[DgJ,][Dg,g,]+Y,f^^e{g^) = [Dg,^, ^De, g^]] = 
i i 

where Ag is the restriction of A (g) / to C°°{Mg) with A being the ordinary 
Laplace operator on M which is cr-invariant. This implies that ^^ fiAg(gi) is 
in C°°{Mg) and therefore the result. 

Concerning the particular case M = M^" one shows the following result using 
the splitting homomorphism. 

PROPOSITION 6 Let zf'.z" £ C°°(M^") be as m SectionU. Then the f'' = 
[Dg,z^], r = [Dg,z'^] satisfy the relations 

pMf '- + A'^^f'^f^ = 0, Ff " + A'^'^f "f ^ = 0, f ^f"^ + A^^f "'f = Sf""! 

where 1 is the identity mapping of C°° (R^" , S) onto itself. 

This 0-twisted version of the generators of the Clifford algebra connected with 
the symbol of Dg differs from the one introduced in Section by the replacement 
A^"^ K^ X'^t^ and is the version associated with the 0-twisted version AcRg" of 
the exterior algebra which is itself behind the differential calculus J7(Rg"). This 
is a counterpart for this example of the fact that fl^g = n{Mg). 

We now make contact with the axiomatic framework of W^. To simplify the 
discussion we shall assume now that M is a compact oriented m-dimensional 
riemannian spin manifold endowed with an isometric action of T", (i.e. we add 
compactness). One defines a positive definite scalar product on C°°{M,S) by 
setting 

(^,V'')= / (V',^')vol 
Jm 

where vol is the riemannian volume ?n-form which is cr-invariant and we denote 
by 7i = L'^{M, S) the Hilbert space obtained by completion. As an unbounded 
operator in H, the Dirac operator D : C°°{M,S) — > C°°(A/, 5) is essentially 
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self-adjoint on C°°{M,S). We identify D with its closure that is with the 
corresponding self-adjoint operator in H. The spectral triple (C°°(M),7i, D) 
together with the real structure J satisfy the axioms of |Tq] . The homomorphism 
s I— >• 14 uniquely extends as a unitary representation of the group T" in Ti which 
will be still denoted hy s >-^ Vs. On the other hand the action s 1-^ fj of T" 
on C°°{Tg') extends as a unitary action again denoted hy s t^ fg of T" on the 
Hilbert space LF'{Tg) which is obtained from C°°{Tg) by completion for the 
Hilbert norm / i-^|| / ||= tr(/*/)^/^ where tr is the usual normalized trace of 
C°°{f^) = C'°°(rfJ . We now define the spectral triple {C°°{Me),ne,Dg) 

to be the following one. The Hilbert space Tig is the subspace of the Hilbert 
tensor product Tt®L'^{Tg) which consists of elements VP which are invariant by 
the diagonal action of T", that is which satisfy Vg ® t_s{^) = ^P, Vs G T". The 
operator Dg identifies with an unbounded operator in Tig which is essentially 
self-adjoint on the dense subspace C°°{Mg, S). We also identify Dg with its 
closure that is with the self-adjoint operator which is also the restriction to 
Tig oi D ® I . The antilinear operator Jg canonically extends as anti-unitary 
operator in Tig (again denoted by Jg). 

THEOREM 9 The spectral triple {C°°{Mg),ng,Dg) together with the real 
structure Jg satisfy all axioms of noncommutative geometry of /Ua/. 

Notice that axiom 4) of orientability is directly connected to the cr-invariance 
of the m-form vol on M . Consequently this form defines a cr-invariant m-form 
on Mg in view of Proposition which corresponds to a a-invariant Hochschild 
cycle in Zm{A,A) for both A = C^iM) and A = C°°{Me). The argument for 
Poincare duality is the same as in |18|. Finally, the isospectral nature of the 
deformation (C°°(M),'H, D, J) ^ {C°°{Mg),ne,De,Jg) follows immediately 
from the fact that Dg = D ® I. 

Coming back to the notations of sections 4 and 5, we can then return to the 
noncommutative geometry of Sg^ . 

This geometry (with variable metric) is entirely specified by the projection e, 
the matrix algebra (which together generate the algebra of coordinates) and the 
Dirac operator which fulfill a polynomial equation of degree m. 

THEOREM 10 Let g be any T" -invariant Riemannian metric on 5™, m = 
2n or m = 2n ~ 1, whose volume form is the same as for the round metric, 
[i) Let e e M2"(C°°(5g")) be the projection of Theorem . Then the Dirac 
operator Dg of Sg" associated to the metric g satisfies 

((e-i)[7^,,e]2")=7 

where { ) is the projection on the commutant o/M2i(C). 

(m) Let U e Af2"-i(C°°(S'0""^)) be the unitary of Theorem^. 
Then the Dirac operator Dg of Sg"'^ associated to the metric g satisfies 



{U[De.U*]{[De,U][De.U*]r-') = 1 
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where ( ) is the projection on the commutant 0/ Af2ii-i (C). 

Using the splitting homomorphism as for Theorem M it is enough to show that 
this holds for the classical case 6* = 0, i. e. when D is the classical Dirac opera- 
tor associated to the metric g. 

This result is of course a straightforward extension of results of [^ , iQ . Since 
the deformed algebra C°°{SJ!'') is highly nonabelian the inner fluctuations of the 
noncommutative metric (|l^]) generate non-trivial internal gauge fields which 
compensate for the loss of gravitational degrees of freedom imposed by the T"- 
invariance of the metric g. 

14 Further prospect 

We have shown that the basic iiT-theoretic equation defining spherical manifolds 
admits a complete solution in dimension 3 and that for generic values of the de- 
formation parameters the obtained algebras of polynomials on the deformed W^ 
only depend on two parameters and are isomorphic to the algebras introduced 
by Sklyanin in connection with the Yang-Baxter equation. The spheres them- 
selves do depend on the three initial parameters and we postpone their analysis 
to part II. 

We did concentrate here on the critical values of the deformation parameters i.e. 
on the subclass of 0-deformations and identified as TTi-dimensional noncommuta- 
tive spherical manifolds the noncommutative TTi-sphere S"™ for any m g N. For 
this class we completed the path from the crudest level of the algebra Caig(S') of 
polynomial functions on S to the full-fledged structure of noncommutative ge- 
ometry jl^, as cxemplifled in theorem 9. We showed that the basic polynomial 
equation fulflUed by the Dirac operator held unaltered in the noncommutative 
case. We also obtained the noncommutative analogue of the self-duality equa- 
tions and described concretely the quantum symmetry groups. 

Needless to say our goal in part II will be to analyse general spherical 3-manifolds 
including their smooth structure, their differential calculus and metric aspect. 
For these non-critical generic values the scale invariance inherited from criticality 
in the above examples will no longer hold. This will generate very interesting 
new phenomena. The analysis of the corresponding noncommutative spaces S'^ 
is much more involved as we shall see in part II. 



45 



15 Appendix : Relations in the noncommuta- 
tive Grassmannian 

Let A be the universal Grassmannian generated by the 2^ elements a,/?, 7,(5 
with the relations, 

UU*^U*U = 1, U^(^ ^ j (15.1) 

In this appendix we shall show that the intersection J' of the kernels of the 
representations p oi A such that chi {p{U)) = is a non-trivial two sided ideal 
of A. Thus the odd Grassmanian B which was introduced in jl8| is a nontrivial 
quotient of A. 
Given an algebra A and elements Xj £ -4 we let, 

[xi,... ,Xn] = S e{a) 0:^(1) . . . a;^(„) (15.2) 

where the sum is over all permutations and e(cr) is the signature of the permu- 
tation. 
With the above notations, let /i = [a, /3, 7, S]. We shall check that, 

LEMMA 8 In any representation p of A for which c}ii{p{U)) — one has, 
p([/i,/i*]) = 0. Moreover [p, p*] ^0 in A. 

Proof. For y^ = A;^ Xj, one has [2/1, .. . , y„] = det X[xi, . . . , x„]. This allows to 
extend the map a(E)b()^c(E)d^ [a,b,c,d] to a linear map c, 

c: A'^^^^. (15.3) 

Let us now show that, for any representation p oi A for which chi (p([/)) = 0, 
the following relation fulfilled by the matrix elements a — p{a), . . . ,6 ^ p{S), 

(15.4) 
implies, 

[a,/3,7,^][5,/3,7,^1* = [5,/3,7,^]*[«J,7,<^]. (15.5) 

It follows from (|l5.4[) that, 

(a A /3 A 7 A (5) (d* A /3* A 7* A (5*) = (a* A /3* A 7* A 5*) ® (a A /3 A 7 A 5) . 

(15.6) 

Indeed we view A = p{A) as a linear space and consider the tensor product of 
exterior algebras, 

A^ ® A^ (ungraded tensor product). (15-7) 
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We then take the 4' power of (15.4) and get 



24 (5 A /3 A 7 A (5) (g) (a* A /3* A 7* A S*) == 24 (5* A /3* A 7* A (5*) (5 A /3 A 7 A ^) . 

(15.8) 

We can then apply c (g) c on both sides and compose with m : A (E) A ~> A, the 



product, to get ( 15.?: ), that is 

p([a*,m*]) = (15.9) 

It remains to check that [/i, /i*] 7^ in ^. 
One has 

A'f2(C) * CZ = AhiA) (15.10) 

where the free product in the left hand side is the free algebra generated by 
M2(C) and a unitary U, U* U = UU* ^ 1. As above A is generated by the 
matrix elements of U, 

(7= (" " M ; a,P,j,5eA (15.11) 

As a linear basis of M2{C) we use the Pauli spin matrices, which we view as a 
projective representation of F = (Z/2)^, 

(0,0)^1, (0,l)^ai, (1,0) ^r72, (1,1)^(73 (15.12) 

with cr (a + fe) = c (a, b) cr(a) a(6) Va, 5 e (Z/2)2. 

Since we are dealing with a free product, we have a natural basis of Al2{A) given 

by the monomials, 

a,,W' a^.W^.-.a^.W" (15.13) 

where ii and jk can be but all other ii,ji are =/= 0. The projection to A is 
given by, 

^(^)^i E '^(«)ra-i(a). (15.14) 

r 

In particular the matrix components a,/3, 7, J, of U are linear combinations of 
the four elements, 

Xa^P{a{a)U) , aer = (Z/2)2. (15.15) 

We want to compute [a, /3, 7, J] or equivalently [xq, xi, a;2, 0:3]. 
Let us first rewrite the product Xa-^ Xaj 2^03 2^04 , which is up to an overall coeffi- 
cient 4~^, 

E a(6i) a(ai) C/a(6i)-i ^(62) a(a2) C/a(&2)-^ ^(63) ^1(03) 1/^(63)-! 

cr(64)cr(a4)L/(T(64)^^ (15.16) 
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as a sum of terms of the form, 

aici)U(j{c2) U . . .Ua{ci)Ua{c4)-^ ^(cs)"' '^{02)-^ <j{ci)-^ 

A (ci, ... , C4) cr(ai) cr(a2) aias) cr(a4) . (15.17) 

where ci = 61 + ai, C2 = 62 - ^1 + 0,2, C3 = 63 - &2 + 03, C4 = 64 - 63 + 04 vary 
independently in F and A (ci, . . . , C4) G t^(l) can be computed using the trivial 
representation, [/ — >• 1 by, 

ct(6i) cr(ai) a{biy^ a{b2) <j{a2)(j{b2y^ (7(62) cr(a3) ct(63)~"^ cr(&4) (7(04) cr(&4)""^ 

= A (ci, ... , C4) CT(ai) cr(a2) ^(as) cr(a4). (15.18) 

Each term in the reduced expansion of [a;o,xi, a;2, 0:3] is the sum of the above 
expressions multiphed by e(a) = ^012^3"^"* ^^^ signature of the permutation 
{0, 1, 2, 3} —^ {fli, 02, 03, 04}. 
To see that [xq, xi, X2, X3] ^ we compute the terms in 

U^a{c)Ua{c)-K (15.19) 

Fixing c there is one contribution for each of the permutation of {0, 1, 2, 3} and 
in (15.16) we have 

61 = fli , 62 = fli + 02 , 63 = fli + 02 + 03 ! &4 = c + ai + 02 + 03 + 04 . 

(15.20) 

In (Z/2)^ = F one has ai + 02 + 03 + 04 = so that &4 = c, 63 = 04. Since 
cr(a;)^ — 1 one can thus write ( |15.16 ) as 

U a{ai) a{ai + 02) (7(02) U criai + 02) (7(04) 17(03) C/cr(a4) cr(c) 17(04) U a(c) 

(15.21) 

which we should multiply by e(a) and sum over a. 

It is clear here that a{ai) 17(01 + ^2) '^{o-2) a-nd 17(01 + 0,2) "'(04) 17(03) si's scalar 

and thus commute with U which allows to write (15.21) as follows, 

U^ cr(oi) cr(oi + 02) (7(02) f7(oi + 02) 17(04) <7(a3) 17(04) <7(c) (7(04) U a{c) . 

(15.22) 

One has, 

cr(o)cr(o')cr(o)-V(o')"^ = (-1)^"'"'^ Vo,a'eF (15.23) 

using the bilinear form with Z/2 values on F given by, 

(0,0') =a/3'-a'/3 for o = (a, /3) , o' = (a',/3') e (Z/2)2 . (15.24) 

Permuting (7(01+02) with (7(02) and (7(04) with ct(o3) introduces terms in (—1)" 
with n — (oi +02,02) + (03,04) = (01,02) + (03,04). One has G {01,02} or 
G {03, 04}. In the first case (oi, 02) — and (03, 04) = 1 since they are distinct 



7^ 0. Similarly if G (03, 04) we get (ai, 02) + (03, a^) = 1 in all cases. We can 



thus replace (15.22) by 

- U^ cr(ai) a{a2) ^(03) ct(c) a{a4) U a{c) . (15.25) 

Permuting c with 04 gives a (— l)\^'°<i). We have, 

a{ai)a{a2) (1(03) ^(04) - (-1)' fxi ^2^3=* (-l)"- (15.26) 

where (—I)'* is the signature of the permutation of {1,2,3} given by the non 
zero Oj's. The coefficient of C/^cr(c) [/cr(c)^^ is thus, 

-4-^2 i e{a) {^ly (-1)('=.°^) . (15.27) 

Taking c = (1, 0) we find 16 — signs and 8 + signs so that we get the term, 

4:-''{-{-16 + 8)i)U^ a2U (72 = ^ U^<72Ua2. (15.28) 

Taking c — (0, 1) we also find 16 — signs and 8 + signs which gives 

^[/^aif/ai. (15.29) 

Thus if we let ^ = [xq, xi, 0:2, ^3] and compute /x/i* we get terms of the form, 

""^ U^aiUaia2U-^a2U-^ (15.30) 



(32)^ 

which cannot be simplified and do not appear in the product /x*/i where we 

always have negative powers for the first C/'s on the left followed by positive 

powers. 

Thus we conclude that in the universal algebra A one has 



[m,m1^0. (15.31) 
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